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In foundational papers, Gross, Zagier, and Kohnen established two formulas
for arithmetic intersection numbers of certain Heegner divisors on integral models
of modular curves. In [GZ1], only one imaginary quadratic discriminant plays a
role. In [GZ2] and [GKZ], two quadratic discriminants play a role. In this paper
we generalize the two-discriminant formula from the modular curves Xo(N) to
certain Shimura curves defined over Q.

Our intersection formula was stated in [Rol, but the proof was only outlined
there. Independently, the general formula was given, in a weaker and less explicit
form, in [Ke2]; there it was proved completely. This paper is thus a synthesis
of parts of [Ro] and [Ke2]. The intersection multiplicities computed here were
used in [Ku] to derive a relation between height pairings and special values of
the derivatives of certain Eisenstein series. Two more recent related works are
[KR], which concentrates on computing local intersection multiplicities at rami-
fied primes under quite general hypotheses, and [KRY], which relates intersection
numbers on Shimura curves to coefficients of modular forms. We note also that
Zhang [Zh] has generalized all of [GZ1] from ground field Q to general totally
real ground fields F', working with general Shimura curves. We expect that all of
[GKZ] should generalize similarly.
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1. EICHLER ORDERS

Let A be a quaternion algebra over Q and let p be a prime. We begin by
defining Eichler orders in A® Q,. Let &, be an order in A ® Q, and let p° be the
reduced discriminant of £,. We say that &, is an Eichler order of type (p°,1) if
&p contains a subring isomorphic to Z, ® Z,. We say that &, is an Eichler order

of type (1,p°) if £, contains a subring isomorphic to Z,2, the ring of integers in

p?
the quadratic unramified extension of Q,. It is easily seen that two of these local
Eichler orders are conjugate in A ® Q,, if and only if they are of the same type.
In fact, if £, is an Eichler order of type (p°, 1) then A ® Q, = M>(Qy), and &, is

conjugate to the standard Eichler order

(1.1) Opet = { [Z Z] € May(Z,) : p° | c}.

Let Ap be a maximal order in A ® Q, and let i : Z,2» — A}, be an embedding. If
&p is an Eichler order of type (1,p¢) then &, is conjugate to the standard Eichler
order

(1.2) Or1pe = i(Zy2) + pl Ay,

where f = |e/2]. Note that if e is even then A ® Q) = M3(Q)), while if e is odd
then A ® Q,, is a division ring.

We also need to define the notion of an orientation on a local Eichler order &,
which we assume is not of type (1,1). For e > 1 define rings Rye 1 = (Z/p°Z) @
(Z/p°Z) and Ry pe = Zy2 [p°ZLy2. If £ is an Eichler order of type (p©, 1) then an
orientation on &, is defined to be a ring homomorphism v, : £, — Rpe 1. If &,
is an Eichler order of type (1,p°) then an orientation on &, is defined to be a
ring homomorphism v, : £, — Ry pe. Thus if £, is an Eichler order in A ® Q,
which is not isomorphic to My(Z,) there are exactly two orientations on &,. The
usefulness of giving orientations to our Eichler orders may be summarized in the
statement that the automorphisms of the oriented order (&,,1),) are precisely the
maps given by conjugation by elements of £

To define global Eichler orders we let NT = [] P and N- = [Ip™ be
relatively prime positive integers and set N = NTN~. We say that an order £
in A is an Eichler order of type (N*t,N7) if £ ® Z,, is an Eichler order of type
(p”; ,p™ ) for every prime p. An orientation on & consists of a collection {T/’P}pl N
of orientations on £ ® Z, for every prime p which divides N.
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Proposition 1.1. Let A be a quaternion algebra over Q and let (NT,N7) be
relatively prime positive integers.

(a) A contains an Eichler order of type (NT,N7) if and only if vy(N~) is odd
precisely for those primes p which are ramified in A.

(b) A contains only finitely many isomorphism classes of oriented Eichler orders
of type (N1, N7).

(c¢) If A is indefinite then A contains at most one isomorphism class of oriented
Eichler orders of type (N, N7).

Proof: (a) It follows from the definitions that if A contains an Eichler order of
type (N, N7) then v,(N7) is odd if and only if A is ramified at p. On the other
hand, if N~ satisfies this condition then one can easily construct an oriented
Eichler order of type (N, N7) from a maximal order in A.

(b) Let (&, {¢p}pn) be an oriented Eichler order in A of type (N*,N7), let
£ = £ ® 7Z be the profinite completion of £, and let A = £ ® Q be the ring of
finite adeles of A. Associated to each 3 = (8,) € A* there is a unique lattice
Lg in A such that Lg ® Z, = (,(€ ® Z;) for all primes p. There is a bijection
between the double coset space S = AX\A*X/£* and the set of all isomorphism
classes of oriented Eichler orders of type (N1, N7), which associates to 3 € A
the pair (£g, {#p }p|n), Where &g is the left order of Lg and ¢ (z) = 1,(8; 2 5,).
Since S is finite [Vi, III, Cor. 5.5], the claim follows.

(c) By the strong approximation theorem [Vi, III, Th. 4.3] the reduced norm Nr
on A* induces a bijection between S and the set 7 = Q*\Q* /Nr(£%). In fact
Nr(£X) = Z*, so T has just one element. O

Corollary 1.2. Let A be an indefinite quaternion algebra over Q ramified at
the primes p1,p2,...,ps. Set N~ = pips---ps, and let NT be a positive integer
which is relatively prime to N~. Then there are Eichler orders O y— D On+ n-
in A of types (1, N~) and (N*,N~) such that Oy n—/On+ n- is a cyclic group
of order N*. The pair (O N—, On+ n-) is uniquely determined up to conjugacy
in A.

Proof: The existence of the pair (O y—,Oy+ y-) is clear; what must be proved
is that all such pairs are conjugate in A. Since A is indefinite, it follows from
Proposition 1.1(c) that Oy y- is determined uniquely up to conjugation. Let X
be the set of Eichler orders € of type (N*, N ™) such that £ C O y- and O, y- /€
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is cyclic of order N*. For each prime p such that p | NT let 3, denote the set
of local Eichler orders &, of type (p"",1) such that £, C My(Z,) and May(Z,)/E,
is cyclic. Then SLy(Z,) acts transitively by conjugation on 3,. Therefore by the
strong approximation theorem the group of elements of Ol>,<N— with reduced norm
1 acts transitively by conjugation on ¥. It follows that the pair (O -, On+ n-)

is determined uniquely up to conjugation in A. (]

Let D1, Dy be negative integers which are squares (mod 4) such that Q(v/Dy) %
Q(v/Ds). Let n be an integer such that n = D1 Dy (mod 2) and let B, be the
Clifford algebra of the binary quadratic form g,(z,y) = D122 + 2nay + Day?.
Thus B, is a quaternion algebra over Q which is generated by elements eq, e
such that e? = D; for j = 1,2 and ejep + eze; = 2n. Let g; = (D; +¢;)/2 and
let S,, = Z[g1, g2] be the subring of B,, generated by g; and g. Then

(1.3) Sn = Z+Zgl +Zgz —l—Zglgg

is an order in B,, with reduced discriminant 6, = (n? — D1Ds)/4. We may view
S, with the reduced norm form Nr as a quadratic space over Z. By restricting
Nr to L, = Z + Zg1 + Zg> we get a quadratic form

(1.4)

Qn(z,y,2) = Nr(z +yg1 + 292)

D?—-D D2-D DD —
(1.5) =22+ 171y2 222 Dyxy + Doxz + %ﬂ

A 1 y=

with determinant 26,,.

Assume now that n? < D;Ds and ged(D1, Dy) = 1. We factor the positive

integer —d,, into relatively prime factors d,", d, using the criterion

D
(1.6) pl| ot if <p]> = +1 for at least one j = 1,2,

D,
(1.7) pléo, if <J) = —1 for at least one j = 1,2,
p

where (%) is the Kronecker symbol. Suppose p | §, and p t+ D;Ds. Then
D1Dy = n? (mod 4p), and hence (%) = <%>. Thus (1.6) and (1.7) uniquely
determine the factorization —d,, = §,74,, .

For i = 1,2 let Op, = Z[(D; + v/D;)/2] be the order of discriminant D; in
Q(v/D;). For each prime p we have p f D; for at least one j € {1,2}. Thus if
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p | 0F then Op, ® Z), = Z, ® Zy, and if p | 6, then Op, ® Z, = Z,2. Since Sy,
contains a subring isomorphic to Op,, it follows that S, is an Eichler order of
type (6,7,8.).

n»-n

2. HEEGNER DIVISORS ON SHIMURA CURVES

Let N, N~ be positive integers such that N~ = p1ps . .. ps is the product of an
even number of distinct primes and N = NTN ™ is greater than 1. In this section
we construct a scheme X = Xy+ n- ,, associated to the triple (NT,N~,m) for
certain values of m. The scheme X is an integral model for a Shimura curve X
which is defined over Q. We also define Heegner divisors Pp on X and Pp on X,
where D is the discriminant of an order in an imaginary quadratic field.

The scheme X will be constructed as a moduli space for abelian surfaces A with
additional structure. Part of the additional structure on A is a “special” O, y--
action, as defined by Drinfeld [Dr, §2A]. Let R be a ring, let A be an abelian
surface over R, and let i : O y- — Endg(A) be an embedding. For a € O -
let Tr(a) € Z denote the reduced trace of a, and let 7(a) denote the image of
Tr(a) under the natural map Z — R. The embedding i : O y- — Endg(A) is
said to be special if the trace of the action of i(a) on Lie(A) is equal to 7(a) for
all a € Oy y-. (If all the primes p1, pa, ..., ps which ramify in A are invertible in
R then every embedding is special.) More generally, if Y is a scheme and A/Y
is an abelian surface, we say that the embedding i : O) ;- — Endy (A) is special
if the induced map

(2.1) ir: O y- — Endgr(A xy Spec(R))

is special for every affine subscheme Spec(R) of Y.

We are interested in the moduli problem for isomorphism classes of triples
(A,i,Z) over ascheme Y, where A/Y is an abelian surface, i : O; y- — Endy (A)
is a special embedding, and Z is a subgroup scheme of A which is cyclic of order
N7 in the sense of [KM, 1.4]. Since this moduli problem is not representable, we
will add a level-m structure to the problem for an appropriate value of m. The
choice of m depends on N = NTN~ and on the imaginary quadratic discrimi-
nants D1, Ds which will be introduced in §3. Let m be a positive integer which
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satisfies the following conditions:

(

2.2
(2.3) m = mimg for some my, mg > 4 such that ged(my, mg) = 1,
24

(
Fix an isomorphism O y-/mO; - = May(Z/mZ). Then i : O y- — Endy(A)

induces a ring homomorphism

) ged(m, N) =1,

) p > D1Dy/4N for every prime p which divides m.

(2.5) im : Ma(Z/mZ) — Endy (A[m]),

where A[m] denotes the m-torsion subgroup scheme of A. A I'j(m)-structure on
the pair (A,17) is defined to be a point 3 in the kernel of i, ( é 8]) which is
defined over Y and has exact order m in the sense of [KM, 1.4].

Let F,, denote the functor from schemes to sets which associates to a scheme
Y the set of isomorphism classes of 4-tuples (4,1, Z, 3), where

(1) A is an abelian surface defined over Y.

(2) i: O ny- — Endy(A) is a special embedding.

(3) Z is a cyclic subgroup scheme of A of order N* which is defined over Y
and stabilized by i(Oy+ y-).

(4) B is a I'y(m)-structure on (A, 7).

It follows from [Dr, Prop. 4.4] and [Bu, Lemma 2.2] that for j = 1, 2 the restriction
of Fyn,; to Z[1/mj]-schemes is represented by a scheme over Z[1/m;]. Therefore
by [KM, 4.3.4] the restriction of F, to Z[1/mj]-schemes is also represented by
a Z[1/mj]-scheme. It follows that the functor F,, is represented by a scheme
X. By [Dr, Prop. 4.4], the scheme X ® Z[1/m] is projective over Z[1/m]. Hence
X =X ®Q is a projective curve over Q.

Let k be a field, let x € X(k), and let (Ag, iz, Zs, Bz) be the 4-tuple which
corresponds to x. An endomorphism of the triple (A, iz, Z;) is defined to be
an endomorphism of A, which stabilizes Z, and commutes with i;(a) for every
a € Oy n-. Let D be a negative integer which is a square (mod 4), let K =
Q(VD), and let Op = Z[(D + v/D)/2] be the order of discriminant D in K. It
follows from Proposition 2.1 below that there are only finitely many = € X (C)
such that End(A,, iz, Z;) = Op. Therefore we may define a divisor @p on X by
setting @p = > (z), where the sum is taken over all such z. It follows from the
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definition that Qp is defined over Q. Write D = ¢?Dy, where ¢ is the conductor
of Op and Dy is the discriminant of K. Define a divisor Pp on X by setting
Pp = Zb|c Qp2p,- Then we have Pp = > (x), where the sum is taken over points
x € X(C) such that Op embeds as a subring in End(A4,,i,, Z;). We call Pp the
Heegner divisor of discriminant D on X. Since Pp is defined over , we can also
express Pp as a formal sum Pp = ) (y) of irreducible subschemes y of X. Let
Pp be the divisor on X obtained by replacing each subscheme in this sum by its

closure 7 in X.

The following proposition gives a stringent condition that A must satisfy if
(A,i, Z) corresponds to a point in the support of @p.

Proposition 2.1. Let x € X(C) be a point in the support of Qp. Let R be the
smallest order in K = Q(v/D) which contains Op and whose conductor is not

divisible by any prime which is ramified in A. Then over C we have Ay = E1 X s,
where Fy and Es are elliptic curves such that End(E;) = End(Fy) = R.

Proof: Since End(A,, iy, Z,) = Op there is an embedding of AQ K into End(A4,)®
Q. Therefore by [Oo, Prop. 6.1] we see that K splits A and that

(2.6) End(A,) @ Q2 A® K 2 My(K).

It follows that End(A;) is isomorphic to an order S in My(K), and that the
complex points of A, may be identified with a quotient C?/L, where L is a Z-
lattice in K2 C C2. The stabilizer of L in My(K) is S, and hence for each prime
p the stabilizer of L ® Z,, in My(K ® Q) is S ® Zy,.

The homomorphism i, : Oy y- — End(4;) = S induces a map
(2.7) e @ Ly : Oy - @ Ly — S @ Lp.

If p{ N~ then O y- ® Z, = M3(Zp), and hence S ® Z, is isomorphic to an
order in M(K ® Q) which contains My(Z,). Such an order must be isomorphic
to Ma(R,) for some order R, in K ® Q,. Since End(A,, iy, Z;) = Op we have
Rp = Op @ Zy,.

If p | N~ then p is ramified in A, and hence O y- ® Z;, = (’ij. Since K
splits A we see that K, = K ® Q, is a field which is a quadratic extension of
Qp. Let Ok, = Ok ® Z, be the ring of integers in K,. We will show that
S ® Zp = Mz(Ok,). Choose a Qp-embedding ¢ : K, — A ® Q,. We give
A ® Qp the structure of a K,-vector space by setting a - v = vip(a) for a € K,
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v € A® Q. Left multiplication gives a representation of A ® Q, on this 2-
dimensional Kp-vector space. On the other hand, since S ® Z,, is isomorphic to
an order in My(K)), the map i, ® Q, induces a representation of A ® Q, on Kg.
By the Skolem-Noether theorem these two representations are isomorphic. Let
D Kg - A®Q, bAe a (A ® Qp)-equivariant isomorphism of Kj-vector spaces.
Since Oy n- ®Zy, = 01 stabilizes L®Zy, it stabilizes ®(L®Z,) as well. Therefore
O(L ®Zy) is a left (O - ® Zp)-ideal, and hence also a right (O x- ® Zp)-ideal.
Since ¥(Ok,) C Oy y- ® Zy this implies that ®(L ®Z,) is an Of,-module. Since
®(L®Zyp) is free of rank 4 over Z,, it is free of rank 2 over Ok,,. Therefore L®Z,
is also a free Ok,-module of rank 2. We conclude that the stabilizer S ® Z; of
L ® Zj, is isomorphic to Ma(Ox,).

So far we have proved that End(A;) is isomorphic to an order S in My (K)
such that S ® Z, = M3(R,) for all p, where R, = Ok,, if p is ramified in A and
R, = Op ® Z,, if p is not ramified in A. Hence the order R in the statement
of the theorem is the unique order in K such that R ® Z, = R,, for all p. To
complete the proof we will show that S contains a nontrivial idempotent.

Let L' D L be the Og-lattice generated by L. By choosing a new K-basis
for K? C C? we may assume that L' = Og & T for some ideal Z C Og. The
ideal Z may be chosen to be relatively prime to every p such that R, is not

the maximal order in K. Let A’ denote the abelian surface over C such that
A'(C) = C?%/L' = (C/Ok) x (C/I). The endomorphism ring of A’ is

(2.8) S’ = Endo, (L)

(2.9) ~ { !‘CL Z

which is a maximal order in My (K) containing S. There is an action of Oy y-

:a,dGOK,befl,cEI},

on A’ given by the map i’ : O y- — S’ which is the composition of the inclusion
S — S, with Zx : OLN— — 5.

The inclusion L — L' induces an O y--equivariant isogeny 7 : A, — A’. The
kernel of 7 is a finite subgroup G = L'/ L of A,(C) which is stabilized by i(O; y-).
Let G = @©,G), be the decomposition of G into its p-primary subgroups. Then
Gy = (L' ®Zy)/(L ®Zy), and G, = {0} for all p such that R, = Og ® Zp. In
particular, G, = {0} if p is ramified in A.
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Let p be a prime such that G, # {0}. Since S ® Z, = Mjy(R,) is the stabilizer
of L ® Zy, in Ma(K ® Qp), we see that L ® Z,, is free of rank 2 over R,. Let
Cp € Ma(K ® Qp) be a matrix whose columns are R,-generators for L ® Zj.
The columns of C), also serve as (Ox ® Zj,)-generators for L' ® Z,, and by the
assumption on Z we have L' ® Z, = (Ok ® Z,)?. Therefore C), € GLy(Ok @ Zy).

Let J = 10.
0 0

get a matrix C} € SLy(Ok ® Zp) such that C}JC;~t = C,JC, ! is a nontrivial
idempotent which lies in Endg, (L ® Zp) = S ® Zy.

By multiplying one of the columns of C), by 1/det(C)) we

For each p such that G, # {0} choose n, > 1 such that p™» kills G). By the
strong approximation theorem there exists a matrix C' € SLo(Of) such that

(2.10) C =C, (mod p") for all p such that G, # {0},
(2.11) C=1, (modZ).

Then e = CJC~! is a nontrivial idempotent in S. Set F; = eA, and Ey =
(1—e)A,. Then A, = E; X Ey with End(E;) = End(E») = R. O

Let ¢ be the conductor of Op.

Remark 2.2. Recall that the ray class field K, of K with conductor cOg is the
maximum abelian extension of K whose ramification conductor divides cOf. Let
x lie in the support of Qp, so that A, = Ey x Es. Since the elliptic curves Fy
and Ey are defined over K., the 4-tuple (A, iy, Zy, Bz) is defined over K n+,,.
Therefore z is rational over K y+,-

Remark 2.3. If ged(c, N7) # 1 then by Proposition 2.1 we get @p = 0. There-
fore if p divides ged(c, N7) then Pp = Pp /p2- Hence we may assume without loss
of generality that c is relatively prime to N~.

Remark 2.4. Suppose p' | Nt and p is inert in K. Then the order in K which
stabilizes Z C E) x F5 has conductor divisible by p'. Hence if p! { ¢ then Pp = 0.

Remark 2.5. Suppose p | N~ and p splits in K. Then O y- ®Z, = O, cannot
be embedded in My (K) ® Q, = My(Q, ® Qp), so we have Pp = 0.

Remark 2.6. Suppose p?> | NT and p is ramified in K. Then the order in K
which stabilizes Z C E; x Ey has conductor divisible by p. Hence if p t ¢ then
Pp=0.
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To each point x in the support of Pp we will associate a collection of homomor-
phisms {wjy },x which is analogous to an orientation. The following well-known
fact will be used to construct these homomorphisms.

Lemma 2.7. Let R be a (possibly noncommutative) ring with 1 and let M be
a free left R-module of rank 1 generated by e € M. For ¢ € Endr(M) define
f(®) € R by the formula ¢(e) = f(p)e. Then the map f: Endr(M) — RP is an
isomorphism of rings, uniquely determined by M wup to conjugation by units in
ReP.

Fix an orientation {¢p},n on Oy+ y- and let z € X(C) be a point in the
support of Pp. Let p be a prime which divides N, let T,(A;) be the p-adic Tate
module of A, and let Uy D T,(Az) be the lattice which corresponds to the p-
primary subgroup of Z,. It follows from [Re, Th. 18.7] that T),(A;) is free of rank
1 over the maximal order Oy y- ® Zp. The (O) y- ®Z,)-module structure i, ® Z,
on Tp(A,) induces an (Oy+ y- ® Zp)-module structure i, on Uy. If p [ N~ then
Uy = Tp(Az) is free of rank 1 as a left module over Oy+ n- ® Zy = O) - ® Zy.
If p | NT we may identify O y- ® Z, with My(Z,) and Oy+ y- ® Z, with the
standard local Eichler order (’) " defined in (1.1). Furthermore, there exists

a generator e for T),(A;) over (’)1 N- ® Zy = My(Zy) such that the cyclic group

+
—-n.
Uy /Tp(Ay) is generated by b e+ Ty(Ay). It follows that Uy is free of
A . p_n;r 0
rank 1 over Oy+ n- @ Zp 2O i with generator 0 ) e
p )

Let p be a prime which divides N. Since U, is free of rank 1 over Oy+ y- ®Zp,
by Lemma 2.7 we get a ring isomorphism

(2.12) End(UZ, i) — O, - © L.

It follows from the preceding paragraph that every Z,-endomorphism of U} which
commutes with the image of i, stabilizes T),(A;). Therefore

(2.13) End(Uy,ip) = End(Ay, iz, Zs) @ Zp.

Using (2.12), (2.13), and the orientation ¢, on Oy+ y- ® Z; we get a homomor-
phism

(2.14) wy t End(Ag, iy, Ze) @ Zp — R+ -,

pP.pP
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where i = v,(NT) and n, = v,(N™).

Choose D such that Pp # 0 and the conductor ¢ of Op is relatively prime to
N. We will use the homomorphisms {wj },|x to give sum decompositions of the
divisors Pp and Pp. For each x in the support of Pp there are two embeddings
of Op into End(A;, iy, Z;). Choose one of these and call it p,. For p | N, p # 2
set Ry = R+ . By composing w, with p; ® Z;, we get a homomorphism

p"P p"P

Ay Op @Zy — Ryy. If 2| Nt set Ry = R2n;+1’1, while if 2 | N set

R(3) = Ry yn—41 = R14. In either case there is a ring homomorphism

defined by
(216) Ag(l@a—l—Qﬁ) :a+2.w§o(px®z2)(l3) (HlOd 2v2(N)+1)

for a € Zy, B € Op ® Zy. For every p | N the ring homomorphism A} is
determined by the value of /\l‘f(\/ﬁ) For each p | N set a, = v,(2N). Then

(2.17) X2(VD)?=D (mod p™).

If 2 | N then \5(v/D)? is well-defined modulo 22*1| and it follows from (2.16)
that

(2.18) MN(VD)?=D (mod 2%t

Let ¢, denote the natural involution of the ring R,. It follows from the definition
of A\j that Lp()\;f(\/ﬁ)) = —)\%(\/5).

For each p | N let b, be an element of R, such that b2 = D (mod p®) and
1p(by) = —bp. If 2| N assume further that b3 = D (mod 2%2*1). The assumption
Pp # 0 implies that such b, exist; the assumption p { ¢ and Remark 2.6 imply
that there are at most two possibilities for b,. Write b = (by),|y and define

(2.19) Vy = {z € Supp(Pp) : )\g(\/ﬁ) = b, for every p | N}.

Then we get a divisor Ppj = Z:cevb () on X such that Pp = ), Ppy. In general
Ppp need not be defined over Q and may depend on the choices of the p,, but
the sum Pp 1, = Pp + Pp,_; is a well-defined divisor over Q. Define Pp 1 to be
the closure of Pp 4; in X. Then Pp 4 is defined over Z and doesn’t depend on
the p,. If b = —b then PD,:I:b = 2PD,b = 2Pp and hence Pp = %PD,:I:b and Pp =
%PD,H,. Otherwise the divisors Pp and Pp have natural sum decompositions
Pp =3 Pp+yand Pp =) Pp +p.
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3. INTERSECTION FORMULAS

In this section we define the arithmetic intersection number (Q - Q3) x of two
divisors Q, Q2 on X'. We then give formulas for computing (Pp, 4+, - PDy,+bs) X
and (Pp, - Pp,)x in certain cases.

We wish to define a Q-linear pairing ( - ) of divisors on X which intersect
properly on regular points of X. It suffices to define (T} - T5)» for dimension-1
subschemes T7, Ty of X whose intersection is supported on a finite set of closed
points of X', each of which is regular. In this case we have 17 N1y = Spec R
for some finite ring R, where 77 N 15 is understood to mean 77 Xy T». The
arithmetic intersection number of 77 with 75 is defined to be (T - T5) x = log #R.
This formula extends by Z-linearity to give pairings of divisors on X.

The following proposition implies that the intersection of Pp, and Pp, is sup-
ported on a finite set of closed points of X.

Proposition 3.1. Let t be a point on X which lies in the support of the inter-
section of Pp, with Pp, and let (A, i, Zi, Bt) be the corresponding 4-tuple. Then
t is a closed point of characteristic p > 0, and over E, we have Ay £ E x E for

any supersingular elliptic curve E.

Proof: Since Q(v/D1) % Q(v/D2) the images of Op, and Op, generate a sub-
algebra of End(Ay, i, Z;) with Z-rank > 4. Therefore by [Oo, Prop.6.1], ¢ is a
point of characteristic p > 0, and A is isogenous to the product of two super-
singular elliptic curves. We have ¢t €  for some z in the support of Pp,, and it
follows from Proposition 2.1 that A, is the product of two elliptic curves. There-
fore A; is the product of two supersingular elliptic curves over Fp. A theorem
of Deligne [Shi, Th.3.5] says that the isomorphism class of the product of two
supersingular elliptic curves over F, does not depend on the factors. Therefore
A; 2 F x FE for any supersingular elliptic curve E over EJ. Finally, since t is a
point of characteristic p lying in 7, t is closed in X. O
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For i = 1,2 let D; be a negative integer which is a square (mod 4) and let ¢;
be the conductor of the order Op,. Assume that

(3.1) Q(v/D1) # Q(v/Dy),

3.1
(3.2) [t c1cq for every prime [ which divides N,
(3.3

Assumption (3.2) guarantees that Pp, and Pp, are Heegner divisors in the sense

) [t ged(eq, ca) for every prime [ which divides N.

of [Bi], and in any case may be made without loss of generality for [ | N~ by
Remark 2.3. Assumption (3.1) implies that Pp, and Pp, intersect properly on
X. Assumption (3.3) implies that every point in the support of the intersection
of Pp, with Pp, is regular (see Corollary 6.3), and hence that (Pp, - Pp,)x is
defined.

Let p be a finite prime. If p is unramified in A let A(p) denote the quater-
nion algebra over Q which is ramified at oco,p,p1,...,ps. If p = p; is rami-
fied in A let A(p) denote the quaternion algebra over Q which is ramified at
00, P1, -+, Pj—1,Pj+1,---,Ps. Let S, denote the set of Eichler orders £ C A(p)
of type (NT,pN™~); it follows from Proposition 1.1(a) that S, is not empty. We
view the elements of S, as lattices in A(p) with the Z-valued quadratic forms
induced by the reduced norm form on A(p). The assumption that £ has type
(NT,pN~) determines the isometry class of £ ® Z; for every finite prime [, and
E®R = A(p) ® R is positive definite since A(p) is ramified at co. Therefore
every £ € S, belongs to the same genus of lattices in A(p). Let G, be a set of
representatives of the proper equivalence classes of this genus.

Let n be an integer such that n? < D1 Dy and n = D1 Dy (mod 2). Let L be a
quadratic space over Z with finite rank and let wy, denote the number of proper
self-isometries of L. Define R (Q,) to be the number of representations on L
of the quadratic form @,, defined in (1.4). Also let r be the number of distinct
prime divisors of N, and set

m®- [T a-p2).

plm

DN |

(34) n(m) =

We now state the first version of our intersection formula.

Theorem 3.2. Let Dy, Dy be negative integers which are squares (mod 4) and
satisfy (3.1)-(3.3), and let m be a positive integer which satisfies (2.2)—(2.4).
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Then the arithmetic intersection number of Pp, with Pp, on X is given by
(3.5)

<PD1'PD2>X = QT_I'TI(m)' Z Z Z M ) ap(Qn) log p,

w
p<oo n2<D1 Do Leg, L
n2=D1 D3 (4pN)

where the local intersection multiplicities o, (Qr) are computed in (6.2) and (6.6).

Remark 3.3. The inner sum on the right side of (3.5) is a representation number
in the sense of Siegel (see for instance [Ca, p.377]).

Remark 3.4. Let k£ be an algebraically closed field whose characteristic does
not divide m, and let (A,7) be an abelian surface with special O, y--embedding
defined over k. Then the pair (A, ) admits 2n(m) different I'; (m)-structures.

By strengthening assumption (3.3) we get a formula for (Pp, 14, - PDy +b,)x
which is stated explicitly in terms of finite Dirichlet series.

Definition 3.5. For p prime and e > 0 define
(3.6) Lpea(s) =14+p " +p7 %+ 4p™,
(3.7) Lige(s) =1=p " +p7% = 4 (=1)p*.

For relatively prime positive integers M+, M~ define

(3.8) Lyepr-() = [ LZpea(s)- J] Lupe(s).

pel| M+ pellM—

For each prime p such that p | N set ap = v,(2N). Since 1,((bj)p) = —(bj)p We
have (b1)p(b2)p = hp (mod p®) for some h,, € Z. Let h be an integer such that

(3.9) h = hy (mod p) for all p | N,

These congruences determine the class of h (mod 2N).

Theorem 3.6. Let Dy, Dy be negative integers which are squares (mod 4) and
satisfy (3.1)-(3.3), and let m be a positive integer which satisfies (2.2)—(2.4).
Assume further that ged(Dy, D2) = 1 and that Pp; # 0 for j = 1,2. Then the
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arithmetic intersection number of Pp, +p, Wwith Pp, +4, on X is given by

(3'11) <PD1,ib1 ’ PD2,ib2>X = 277(m) ’ Z Lgx/]\[-k’(;;/]v— (O),
n2<D1D2
n=h (2N)

where n(m) is given by (3.4), h = h(b1,ba) is determined by (3.9) and (5.10),
and 6,7, 6. are determined by (1.6) and (1.7).

n

Remark 3.7. Suppose p | N*. Then since p t ¢; and Pp, # 0, Remark 2.4
implies that p is not inert in Q(\/Dij) Similarly, Remark 2.5 implies that if
p | N~ then p is not split in Q(\/D;). Since N | 6, for every n such that
n=h (mod 2N), we get Nt | 6," and N~ | §,,. Hence the right side of (3.11) is
well-defined.

For each value of h (mod 2N) such that h? = DyDy (mod 4N) there are 2"
pairs (bi,b2) such that (b1)p(b2), = h (mod p®) for all p | N. Therefore by
summing (3.11) over all (b1, b2) we get a formula for (Pp, - Pp,)x-

Corollary 3.8. Let D1, Dy be negative integers which are squares (mod 4) and
satisfy (3.1)-(3.3), and let m be a positive integer which satisfies (2.2)—(2.4).
Assume further that gcd(D1, D2) = 1 and that Pp, # 0 for j =1,2. Then

(3.12) (Pp, - Ppy)x = 2" n(m) - Z ;,f/Nﬂ(S;/N* (0).
n2<Dj1 Dy
n2=D1 D3 (4N)

4. INTERSECTION POINTS

Let t be a point in the support of the intersection of Pp, with Pp,, and let
(Ay, iy, Zy, Bt) be the corresponding 4-tuple. In this section we study the endo-
morphism ring of the triple (A, i, Z;). In particular, we show that End (A, i, Z¢)
is an Eichler order, and we construct an orientation on End(Ay,i;, Z;) which is
induced by the orientation {¢;};n on Oy+ n--

Let T1, T5 be dimension-1 subschemes of X whose intersection is supported on
a finite set of regular closed points of X. Recall that the arithmetic intersection
number of 77 with T; is defined to be (T -T») x = log #R, where T1NT5 = Spec R.
In practice, we will compute (T} - T5) x as a sum

(4.1) (T - To)x = Z (T - T3)p - log p,

p<oo
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where (T3 - Tb), is the intersection multiplicity of T} with T, at points of char-
acteristic p. Thus (T} - T»), is equal to the length of the Z,-module R ® Z,.
Let W, = W(F,) denote the ring of Witt vectors with coefficients in F,. Then
(T} - T3), may also be computed as the length of the W,-module R ® W), or as
the intersection multiplicity of 77 ® W), with To ® W}, on X @ W),

Let t be a point of characteristic p in the support of the intersection of Pp, @ W,
with Pp, @ W, on X @ W,,. Then ¢ is defined over the residue field F, of W, and
thus may be viewed as an element of X(F,). Let E be a supersingular elliptic
curve over E, and set A = End(E). Then by Proposition 3.1 we have 4; & E x E,
and hence End(A;) = My(A). We will assume that E is defined over F,; this
implies that the elements of End(£) are defined over Fy2. It is well-known that
H, = A®Q is a quaternion algebra over Q which is ramified at p and oo, and that
A is a maximal order in H,. It follows from the definition of A(p) that there is
an embedding h : A(p) — My (H)) such that h(A(p)) is the commutant of i;(A)
in My(Hp). The endomorphism ring of the triple (A, 4, Z;) consists of those
elements of M(A) which commute with every element of i;(O; y-) and stabilize
Zy. Therefore End(Ay,i¢, Z;) is identified via h~! with an order € in A(p).

We now determine the completions of End( Ay, i, Z;) = £ at the finite places of
Q. Let I # p, let T;(A;) denote the l-adic Tate module of Ay, and let U} D T;(Ay)
be the lattice which corresponds to the I-primary subgroup of Z;. As in §2, U} is
a free (Oy+ n- ®Z;)-module of rank 1. Using Lemma 2.7 we get an isomorphism

(4.2) End(Ay,ie, Z) ® 2y = Oy, - @ L.

Therefore if [ # p then End(Ay, i¢, Z;)®Z; is a local Eichler order of type (l”ZF ).

We now consider the completion of End(Ay, i, Z;) at p. Leaving the subgroup
Zy aside we see that End(A,4:) ® Zp is the commutant of i(O y-) ® Z, in
End(4;) ® Z, = Ma(O1). If pf N~ then it(O y-) ® Z, = Ma(Z,) stabilizes
Oy, ® Oy, and hence (O N-) @ Ly = gMa(Zy)g~* for some g € GLy(O1,).
Since gMa(O;,)g~" = My(O;,) and the commutant of My(Z,) in My(Oy,) is
Oy - I, it follows that

(4.3) End(As,i¢) ® Zp = g(O1, - L)g™ ' 22 Oy,

Thus if p f N then End(Ay, ir, Zt) ® Zp =2 Oy . If p | N* we may assume that
p 1 D1 by (3.3). Then Remark 2.4 implies that p is split in Q(v/D;), which
contradicts the fact that Op, ® Z, embeds in End(Ay, i, Z;) ® Zyp = (’51’],. So
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in fact (3.3) implies that there are no intersection points in characteristic p if
pINY.

Finally, if p | N~ we need to consider embeddings of O, y- ® Z;, = @Lp into
My (O, ;) which are induced by special embeddings i : Oy n- — End(A;). We can
write @14, = L2+ L2, where Zy,> C @171) is the ring of integers in an unramified
quadratic extension of Q,, and 7 is an element of @Lp which normalizes Z,2 and
satisfies 7> = p. Consider first the embedding of Z,> into My(O1,). Tt is not
hard to show that since 4; is special this embedding is conjugate by an element
of GLy(O1,) to the map

(4.4) T [x O] )

where 2/ = mzr~! is the Galois conjugate of x over Q,. The commutant in
May(O; ) of the image of (4.4) is

a br
(4.5) C:{[CW d]:a,b,c,desz}.

The image of m under i; ® Zj, is a matrix of the form

(4.6) I = [e” f] ,

g hm

1
with e, f,g,h € Z,2 and 2 = ply. If pf f then M = [ is a unit in
em

Similarly, if p 1 g there is M € C* such that

C, and MIIM~! = [O L
p

0 p

MIIM™! = [1 O]' If p | f and p | g then by an iterative procedure one

T 0
0«
units in C, there are three possibilities for (i; ® Zj)(7), namely

0 1 H2:0p H3:7r0'
p 0 10 0 =

Corresponding to the matrices in (4.7) are embeddings izl,, ig, and if’, of (’ij

into Mg(@lm) such that ig)(ﬂ) =1II;. Ifi: O y- — End(E x E) is a special

constructs M € C* such that MIIM ! = . Hence, up to conjugation by

(4.7) I, =
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embedding then i ® Z,, is conjugate to exactly one of these embeddings. We say

that ¢ is of type j if i ® Z, is conjugate to ). The commutant of the image of

z'll, consists of matrices of the form (4.5) with d = a and ¢ = pb; the commutant
of the image of z'zz, consists of matrices of the form (4.5) with d = a and b = pc;
and the commutant of the image of i3 consists of matrices of the form (4.5)
with a,b,c,d € Z,. It follows that for j = 1,2 the commutant of the image of
z'g, in Mg(@l’p) is a local Eichler order of type (1,p?), while the commutant of
the image of ig’, in My(O; ) is a local Eichler order of type (p,1). By (3.3) and
Remark 2.5 we may assume Op, ® Z, = Z,2. Since Z,» cannot be embedded
into a local Eichler order of type (p, 1), this implies that the third case does not
occur. Therefore if p | N™ then End(A¢, i, Z;) ® Z, is a local Eichler order of
type (1,p%).

The following definition characterizes the set of potential intersection points
in characteristic p.

Definition 4.1. Let p be a prime.

(1) If pt N define T, to be the set of isomorphism classes of triples (A,i,Z)
over B, such that A~ E x E for some supersingular elliptic curve E.

(2) If p| N~ define T, to be the set of isomorphism classes of triples (A,1,Z)
over E, such that A =2 E x E for some supersingular elliptic curve E and
i is of type 1 or 2.

(3) If p| NT define T, to be the empty set.

Remark 4.2. In Proposition 5.1 we will show that for p { N* the set 7,
parametrizes isomorphism classes of Eichler orders of type (NT,pN~). Thus
for each prime p the set 7, is finite.

Let p t Nt and let (A,i,Z) € 7,. We now use the orientation {¢;};y on
Op+ n- to construct an orientation {1 };,n on End(A,i, 7). For | # p let T)(A)
be the [-adic Tate module of A and let U; D Tj(A) be the lattice which corresponds
to the [-primary subgroup of Z. Then Uj is free of rank 1 as a left module over

On+ n- ® Z;. Using Lemma 2.7 we get an isomorphism

(4.8) End(A, 7, Z) R L = End(Ul,i & Zl) = O]%p_,_’N_ ® 2.

It follows that the orientation ¢; on Oy+ y- ® Z; induces an orientation 1; on
End(A,i,2) ® Z.
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It remains to construct an orientation on End(A, 7, Z) ®Z,,. It follows from the
computations above (cf. (4.3) and (4.5)) that End(A, i, Z) acts on Lie(A) through
scalar multiplication by elements of F,2. If p { N this action gives an orientation

(4.9) Gp: End(A,i, Z) @ Zp — Fp = Ry .

If p| N~ we note that Z,» embeds in O y-. Let v € Lie(A) be an eigenvec-
tor for Z,» such that O y- - v spans Lie(A4). (It follows from (4.4) and (4.7)
that v exists and is uniquely determined up to scalar multiplication.) For ev-
ery a € End(A,i,Z) there is § € O y- such that o -v = i(f) - v. The map
@p : End(A,i,Z) — Ry, given by @p(a) = ¢p(0) is a well-defined ring ho-
momorphism. Since End(A,i, Z) ® Z, is an Eichler order of type (1,p?), the
homomorphism @p lifts uniquely to an orientation

(4.10) Yy End(A,4,2) @ Zy — Ry 2.
Combining the above results we get the following proposition:

Proposition 4.3. (a) Let t be a point of characteristic p in the support of the
intersection of Pp, with Pp,. Then (A, i, Zy) € T,.
(b) Let (A,i,Z) € T, and let {3, },n be the orientation on End(A, i, Z) induced

by the orientation {¢1}yn on On+ y—. Then (End(A,i, Z),{¢1}ypn) is an ori-
ented FEichler order of type (N1, pN ™).

5. FAMILIES OF EICHLER ORDERS

In this section we describe the relation between the endomorphism rings of ele-
ments of 7, and isomorphism classes of oriented Eichler orders of type (N, pN ™).
It follows from Proposition 3.1 that if (A,4,Z) € 7, then A= E x E for any su-
persingular elliptic curve E over F,. As in §4 we assume that F is defined over
F,. We also let F' € A = End(E) denote the Frobenius endomorphism of E.

Proposition 5.1. (a) If p{ N then the map (A,i, Z) — (End(A, 4, Z), {1 }pn)
gives a bijection between T, and the set of isomorphism classes of oriented Eichler
orders of type (NT,pN ™).

(b) If p | N~ then the map (A,i,Z) — (End(A, i, Z), {1 }pn) gives a bijection
between the set of (A, i, Z) € T, such that i has type 1, and the set of isomorphism
classes of oriented Eichler orders of type (NT,pN~). The same statement holds
for i of type 2.
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Proof: We first show that the given maps are onto. Let (&, {y}pn) be an ori-
ented Eichler order of type (N*,pN ™). Let ig : O y- — My(H,) be an embed-
ding. Since the commutant of ig(O; y-) in Ma(H)) is isomorphic to A(p), there
is an embedding hg : £ — Ma(H)) such that ho(£) commutes with io(Oy y-). We
will show that there exists g € GLy(H,) and Z C E x E such that gip(z)g~! is a
special embedding of O y- into M(A) = End(E x E) and gho(y)g~" gives an iso-
morphism between the oriented orders (£, {1 }1,n) and End(Ex E, gio(z)g~", Z).
Let [ be a prime such that [ | N and [ # p. Then the lattice g~ (7;(E x E)) must

satisfy the following conditions:

(1) g1 (Ti(E x E)) is stabilized by io(O x-) and ho(E).
(2) The orientation on £ ® Z; induced by ¢, with respect to g1 (T}(E x E))
is equal to .

To identify an appropriate g we will first find lattices with these properties.

Suppose | | NT. Then My(H,) ® Q; = My(Q;) acts on Q}, and hence iy and
ho induce an action of (£ ® Z;) ® (O - ® Z;) on Q. Using the Skolem-Noether
theorem we may identify £ ®Z; with the standard Eichler order (’A)ML X O n-RZy
with M2 (Z;), and Q) with M3(Q;) in such a way that this action is isomorphic
to (A® B)- X = AXB*, where A € @M .+ B € My(Zy), X € Mp(Qy), and ¢ is
the canonical involution of Ma(Qy). It follows that every lattice in Qf = My (Q)
which is stabilized by (€®Z;) ® (O y- ®Z;) is a Q; -multiple of one of the lattices

a b
(5.1) Lj:{ .4

forOSjgn;“.

€ My(Z;) : V| cand IV | d}

We may assume further that the identification of Oy x- ® Z; with Ma(Z;) maps
On+ n- ® Zy onto él”?L . Let M; D Lj be a lattice such that M;/L; is cyclic
of order I and M; is stabilized by both £ ® Z; and Oy+ y- ® Z;. (The lattice
M; corresponds to the [-primary subgroup of Z.) Such a lattice M; exists if and

onlyif j=0or j= nf, and in those cases

_nt
(5.2) Moz{[a l lb] :a,b,c,dGZl}
c d
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and Mnl+ = @lnf,l are uniquely determined. For j = O,nlJr the commuting
actions of £ ® Z; and O+ y- ® Z; on M; induce isomorphisms between & ® Z;
and O]f,p+’N_ ® Zy (cf. (4.8)). Since ¢; induces opposite orientations on € ® Z;
with respect to the lattices My and Mnf7 by choosing j € {0, nl+} appropriately
we get M; such that ¢; induces p; with respect to M;. Let A; C My(Hp) @ Q
denote the stabilizer of L;.

Suppose ! | N~ with [ # p. Then My(H,) ® Q; = M4(Q;) acts on Qf, and
hence 4o and hg induce an action of (£ ®Z;) ® (O y- ® Z;) on @?. Since £ER7Z; =
On-QZ = @171, by the Skolem-Noether theorem this action is isomorphic
to (a ® b) - x = axb*, where a,b € (’A)Ll, x lies in the quaternion division ring
Bl = (’A)Ll ® @y, and ¢ is the canonical involution of Bl. There are two le—
equivalence classes of lattices in B; stabilized by (£ ®Z;)® (O, - ®Zy). These are
represented by @171 and W@U, where 7 is a uniformizer for @171. The orientation
¢ on On+ n- @ Z; induces opposite orientations on & ® Z; with respect to @1,1
and 7'['@171. Choose j = 0,1 so that ¢; induces the orientation u; on £ ® Z; with
respect to Wj(’ju, and let A; C My(H),) ® Q; denote the stabilizer of Trj@u.

Suppose p { N. By the Skolem-Noether theorem we may identify Ma(H)) ® Q,
with My (B,) in such a way that i0(Oy N-)®Zy = Ma(Zy) and h(E)RZ), = Oy p-Io.
Suppose p | N~ and assume without loss of generality that ¢ has type 1. Then

A~

we may identify My(H,) ® Q, with My(B,) so that

. r Yy
(53) ZO(Ol,Nf) ® Zp = { py/ x/] : x? y e Zp2} )

pbr  a

(5.4) ho(€) ® Z = { “ b”] La,b e zpz}

and ¢, induces the orientation j, on £ ®Z,. In either case we define A, to be the
subring of My (H,) ® Q, which corresponds to Mg(@l’p) under this identification.

Suppose [ { pN. Then ig(O y-)®Z; = ho(E)®Zy = Ma(Z;) and My (H,)®Q; =
My (Q;). Let A; denote the subring of My (H,)®Q generated by i (O n-)®%Z; and
ho(€) ® Zy. Since ho(€) ® Q is the commutant of ig(Oy y-) ® Q; in Ma(H,) ®Qy,
we get A; = My(Z;) @ Ma(Z;) = My (Zy).

Let A be the maximal order in My(H,) such that A ® Z; = A; for all I. It
follows from Theorems 21.6 and 34.9 in [Re] that the maximal orders of My (H))
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are all conjugate. Therefore there exists g € GLo(H,) such that gAg~—1 = Ma(A).
Let i(z) = gio(z)g~" and h(y) = gho(y)g™" for x € O y- and y € €. By the
construction of A we see that (O y-) and h(€) are contained in My(A) =
End(E x E). In addition, if p | N~ then it follows from (5.3) that i : O, y- —
End(F x E) is a special embedding of type 1. Let Z be the unique cyclic subgroup
of E x E of order N which is stabilized by both h(€) and i(Oy+ y-). Then we
have & = End(E x E,i,Z). Let {¢;};,n be the orientation on End(E x E, i, 2)
induced by {¢#;};n- Then by the constructions above we have 1, o h = p; for all
[ such that [ | N. Thus if p | N then h induces an isomorphism

(5.5) (€ {mtipn) = (End(E < E,i, Z), {¢i}1pn)

as required. Suppose p{ N. If ¢,0h = p, then (5.5) still holds, while if ¢,0h # p,
then (5.5) holds after we replace (i(x), h(x), Z) with (Fi(z)F~1, Fh(z)F~1, F(Z)).

To prove that our maps are one-to-one we need to show that if the endomor-
phism rings of the triples (41,1, Z1) and (Ag,ia, Z2) are isomorphic as oriented
orders then (Ay,i1,21) & (Ag,i2, Z2). We may assume that Ay = Ay = FE x E.
Then there is an oriented Eichler order (€, {11 };,n) in A(p) of type (N, pN ™),
and embeddings h; : £ — My (A) for j = 1,2 which induce isomorphisms between
the oriented orders (€, {¢};,n) and End(E x E,ij, Z;). We need to show there
is g € GLa(A) such that Z, = gZ; and is(z) = gi1(z)g~! for all z € O y-.

By the Skolem-Noether theorem there is g € GLy(H,) such that is(x) =
gi1()g~! and ha(y) = ghi(y)g ! for all x € O n- and y € £ We may
assume that g € Ma(A), and that |[Nr(g)| is as small as possible. We claim
that g € GLa(A). Let R be the order in Mz(A) generated by i2(O; y-) and
ho(E). For I # p the lattices T} = T)(E x E) and g¢(1;) are stabilized by
i2(Oyn-) ® Ly = gz’l(OLNf)g_l ® Z; and ha(€) ® Z; = gh1(€)g~ ' ® Z;, and
hence also by R ® Z,;.

Suppose [ | N~ and [ # p. In the existence proof we showed that there are two
Q; -equivalence classes of lattices L in T} ® Q; stabilized by i2(O) n-) ® Z; and
ha(€) ® Zy. The orientation ¢; on Oy+ y- ® Z; induces opposite orientations on
£ ® 7Z; with respect to these two classes. Since ¢; induces the same orientation
on £ ® Z; with respect to T; and g(7;), it follows that g(7;) lies in the same Q-
equivalence class as T;. Hence ¢(T}) = kT for some k > 0, so g = Ik go for some
go € Ma(A). By the minimality of |Nr(g)| we get k = 0, and hence g(7;) = T;.



Intersection Numbers of Heegner Divisors on Shimura Curves 23

Suppose [ | NT and [ # p. Let U; D T; denote the lattice corresponding to the
[-primary subgroup of Z. Then U;/T; is cyclic of order ' , and both U; and ¢(U))
are stabilized by i2(Oy+ y-)®Z; and ha(E)®Z;. In the existence proof we showed
that there are two QZX -equivalence classes of pairs of lattices M D L in T} ®
such that M/L is cyclic of order l"lJr, M is stabilized by i2(Oy+ y-) ® Z; and
h2(€) ® Zy, and L is stabilized by i2(O) y-) ® Z; and ha(€) ® Z;. The orientation
¢ on On+ y- ® Zy induces opposite orientations on £ ® Z; with respect to the
two QZX -equivalence classes of lattices M. Since ¢; induces the same orientation
on £ ® Z; with respect to U; and ¢(U;), it follows that g(U;) lies in the same
Q[ -equivalence class as Uj, so we have g(U;) = 1*U, for some k > 0. Since Tj is
the unique sublattice of U; which is stabilized by i2(Oy y-) ® Z; and such that
U;/T; is cyclic, it follows that g(7j) = I*T;. As above this implies g(T}) = Tj.

Suppose [ { pN. Then O y- ®Z; = ER7Z; = Ma(Z;) and hence RRZ; = My4(Zy)
stabilizes T and g(T;). It follows that g(Tj) = (¥T} for some k > 0. As above this
implies ¢g(7;) = T;. Hence we have g € GLo(A ® Z;) for every I # p.

Suppose p{ N. Then O, y- ® Z) = Mg( p) and € ® Z;, = O p>» Which implies
R® Z, = My(O;,). Since A2 ® Z, = OF i, is stabilized by R ® Z,, we have
R®Z, =Ms(A®Z,). The lattice g(A?) ® Z, is also stabilized by R ® Z,, so we
have g(A?) ® Z, = F* . (A2 ® Z,) for some k > 0. It follows from the minimality
of |Nr(g)| that k = 0 or k = 1. However, if g(A?) ® Z, = F - (A2 ® Z,) then
g € F-GLy(A®Z,), and hence the orientations on £ ® Z,, induced by h;(y) and
ha(y) = gh1(y)g~! are different, contrary to assumption. Thus g € GLa(A®Z,).

Suppose p | N7, and assume without loss of generality that i; and iy have
type 1. It follows using (5.3) and (5.4) that we may identify May(A ® Z),) with

O] and 0 1] .
0 p 0
Since g(A?)®Z, is an O, p-lattice in H2 > RQ, = B2 which is stabilized by R®Zp, it

must be Q' -equivalent to one of the lattices O pEB(’)l D o1 p@ﬂ'(’)l P> O p69p(’)1 s
7r(’)1 p@w(’)l D) 7r(91 p@p(’)l p> OF 7r(’)1 p69p7r(91 p- However, since 71 and 4o are both

My (O, ,) in such a way that R ® Z, contains the matrices

special embeddings, g(A?) ® Z, is not Q, -equivalent to either Oy, ® 7O, or
w@l’p EBpC’A)Lp. Since i1 and i are both of of type 1, g(A%) ® Zy, is not equivalent
to either (’5171, S p@l,p or 7T(;)17p @ F@Lp. Since ¢, induces the same orientation
on € @ Z, with respect to the embedding pairs (i1, h1) and (i2, ha), g(A?) ® Z,
is not equivalent to w@l,p @ pw@l,p. We conclude that g(A?) is sz -equivalent to
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O1,® 01 ,. Hence g(A?) @7, = p* - (A2 ®7Z,) for some k > 0. By the minimality
of |Nr(g)| we get k =0, and hence g € GLa(A ® Z,).

Combining the above results we get g € GLa(A). Finally, it follows from the
explicit computations above that for j = 1,2 the [-primary subgroup of Z; is the
unique cyclic subgroup of £ x E of order "™ which is stabilized by both h;(&)
and i;(Oy+ n-). Hence g maps the [-primary subgroup of Z; onto the I-primary
subgroup of Zs. It follows that Zs = ¢gZ;. O

Recall that S, denotes the set of Eichler orders in A(p) of type (N*,pN™).
When viewed as Z-lattices in the quadratic space A(p), the elements of S, all
belong to the same genus. As in §3 we let G, be a set of representatives for the
proper equivalence classes of this genus.

Proposition 5.2. (a) Every L € G, which represents 1 over Z is properly equiv-
alent to some £ € S,.

(b) The orders £,E' € S, are properly equivalent lattices if and only if &' = a€a™!
for some a € A(p)*.

To facilitate the proof we recall the following well-known fact (cf. [Vi, I, Th. 3.3]):

Lemma 5.3. Let B be a quaternion algebra over a field F' whose characteristic
is not 2. Then every proper self-isometry of B has the form ¢(x) = axb™! for
some a,b € B* such that Nr(a) = Nr(b).

Proof of Proposition 5.2: (a) Let & C A(p) be an Eichler order of type (N1, pN ™)
and let | be a prime. Since & and L lie in the same genus, the lattices & ® 7Z;
and L ® Z; are equivalent. Since the order & ® Z; is stabilized by the canonical
involution of A(p)®Qy, &y ®Z; and L®Z; are properly equivalent. It follows from
Lemma 5.3 that there are a;,b; € (A(p) @Q;)* such that L®Z; = a;(& ®Zl)bl_1.

Let &, C A(p) be the right order of L. Then &, ® Z; = b(E ® Zy)b; " for
every prime [, so we have £, € S,. Let u € L be such that Nr(u) = 1. Then
u€r, C L, and for every prime [ the lattices u€r ® Z; and L ® Z; are both
equivalent to & ® Z;. Since A(p) ® Z; is a nondegenerate quadratic space, this
implies uéy, ® Z; = L ® Zy. Thus u€, = L, and hence L is equivalent to £, € Sp,.
Since the canonical involution ¢ is an improper self-isometry of A(p), L is properly
equivalent to either &, or «(€r).
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(b) If & = a€a~"' with a € A(p)* then x +— axa™! is a proper isometry from &
to £'. Conversely, suppose ¢ : £ — £’ is a proper isometry. By Lemma 5.3 we
have ¢(z) = axb~! for some a,b € A(p)*. Clearly ¢(1) = ab™! is a unit in &', so
aa=t = ¢(E)(ab~ )t =& O

6. UNIVERSAL DEFORMATIONS

Let (Ay, i, Zy, B;) correspond to a point t € X (IF,), and let W), = W (E,) denote
the ring of Witt vectors with coefficients in F,. In this section we study the
completion X; of X ® W), at t. Since X is a fine moduli space, X, is a universal
deformation space for (Ay, i, Zy, B;). Let A, be the formal group of A; and let
i O N- QZLy — End(At) be the map induced by i;. To begin we show that X;
is a universal deformation space for the pair (flt, i)

Lemma 6.1. Let p be a prime such that p ¥ mN™T, and let R be a complete
Noetherian local ring with residue field Fp. Then there are natural bijections
between

(a) The set of deformations over R of the 4-tuple (A, iv, Zy, Bt),
(b) The set of deformations over R of the pair (A¢,i:), and
(¢) The set of deformations over R of the pair (Ay, ;).

Therefore X, serves as a universal deformation space for either (A, iy, Zy, Bt),
(At,it), or (At,it).

Proof: Since pt mN*, Hensel’s Lemma [Mi, I, Th.4.2(d)] implies that if (4,4) is
a deformation of (A, ;) defined over R then Z; extends uniquely to a subgroup
scheme Z C A which is finite and flat of order N over R, and 3; extends uniquely
to a I'y(m)-structure S on A. This gives a bijection between (a) and (b). The
Serre-Tate lifting theorem (see the appendix to [Dr]) gives a bijection between

(b) and (c). O
Proposition 6.2. Let p be a prime such that pt mN™, and let t € X ().
(a) If pt N~ then X, = Spf W{[u]].

(b) If p | N~ and i; is of type 1 or 2 then X; = Spf W/[[u]]. If p| N~ and i; is of
type 8 then X, = Spf W [[u, v]]/(uv — p).
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Proof: (a) In this case A; has multiplication by O, - ® Zp = My (Zy) and must
therefore be isomorphic to a product Gg x G, where Gy is a formal group of
dimension 1 and height 2 over F,. By the same reasoning any deformation of A,
with multiplication by O y- ®Z,, has the form G x G, where G is a deformation of
Gy, and conversely any deformation G of Gy gives a unique deformation G x G of
A, with multiplication by O - ® Z,. Therefore deformations of the pair (At, it)
are equivalent to deformations of Gp. In [LT] it is proved that the universal
deformation space of the formal group Gy is Spf W, [[u]]. Hence by Lemma 6.1
we get X, = Spf W [[u]].

(b) In this case A; has multiplication by O N- @ Ly = (’}1’},. We use Drinfeld’s
theory in [Dr] to interpret the formal scheme ﬂp (the “p-adic upper half-plane”)
as a moduli space for rigidified formal groups of dimension 2 and height 4 with
a special action by (’A)Lp. Associated to the pair (At, i¢) is an equivalence class of
closed points in ’Flp. The formal neighborhood of any of these points is a universal
deformation space for (/Alt, i), and hence also for (Ay, ¢, Zy, Bt).

To determine the structure of this formal neighborhood we use the explicit
description of 7:[,, found in [Te, pp.650-51] and [BC, I, §3]. The special fiber of
7:61, is an infinite tree consisting of projective lines which meet transversely at
their [f,-rational points. The formal neighborhood of a closed point in 7:{1, takes
two different forms, depending on whether or not it is a crossing point of the
special fiber of 7:(,). To distinguish the crossing points from the other points in
the special fiber of H we let 7 be an clement of O, - ® Zy, such that 72 = p.
Then 7 is a generator for the maximal ideal of O y- ® Z;, and 7 induces an
endomorphism of Lie(At) whose square is zero. If i; is of type 1 or 2 then 7
induces a non-trivial endomorphism of Lie(/lt). In this case ¢ is not a crossing
point of the special fiber of 7:{1;, and [Te, p.650] gives X, = Spf Wy[[u]]. If 4, is of
type 3 then w induces the zero map on Lie(flt). In this case ¢ is a crossing point of
the special fiber of H,,, and by [Te, p. 650] we have X; 2 SpfW),[[u, v]]/(uv —p). O

The following consequence of Proposition 6.2 is presumably well-known:

Corollary 6.3. X ® Z[1/mN™] is a regular scheme.

Let R be a complete noetherian local ring with residue field F, and let (A, 1)
be a deformation of (Ag,7;) defined over R. The reduction map R — F, in-
duces inclusions End(A) c End(A4;) and End(A,7) C End(A;,%). Let (4,7)
be a universal deformation of (flt,it) defined over 2&, and let S be a subset of
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End(A,, ;). We define X;,(S) to be the largest formal subscheme of X; such that
S C End(A x 2 X,(5)). The following facts are easily verified:

Lemma 6.4. (a) X,(S) is closed in X,.
(b) X,(S1 U Sy) = X,(S1) N A(Sy).

(c) Lef Zp|S| beAthe Z,-subalgebra of End(Ay, i;) generated by S. If S C ' C Z,|S]
then Xt(S’) = Xt(S)

Let 71,72 € End(flt, 7). The intersection multiplicity a,(v1,72) of X, (71) with
Xi(72) is defined to be the W,-length of the coordinate ring of X;(v1) N X;(y2) =
)&({71, v2}). To compute the arithmetic intersection numbers of our divisors we
need to evaluate ay,(7y1,72) for certain vi,7v2 € End(/lt, i)

Assume first that p is not ramified in A. Then by the proof of Proposi-
tion 6.2(a), X, is a universal deformation space for a formal group G over Eg of
dimension 1 and height 2, and End(Ay,%;) = End(Go) = O1,. The intersection
multiplicity a;(71,72) may be computed using the formulas in [GK, Prop. 5.4].
In order to state these formulas we define a quadratic form over Z,,

(6.1) Q(z,y,2) = Nr(z + yy1 + 272),

where Nr is the reduced norm form on End(Ay,7;) = (;)171,. We wish to define in-
variants ap, az, az of Q. If p > 2 we diagonalize @) over Z, and define a1 < as < a3
to be the p-adic valuations of the coefficients of the diagonal form of Q). If p = 2
the definition of a1, ag, ag is more complicated and may be found in [GK, §4]. In
either case we have a; = 0, so by [GK, Prop. 5.4] we get

(6.2)
a3 —az+1 (a2=2)/2 ‘
%p”m + Z (ag + a3z —4i)p* ifaxa =0 (mod 2),
i=0
ap(711,72) = (0a—1)/2 |
Z (a2 + ag — 4i)p* ifaa =1 (mod 2).
i=0

Note that the intersection multiplicity depends only on the Zp-isometry class of
Q, and not on the particular ~1,y2 that were used to define ). Therefore we may

write ap(Q) = Oép(”Yla’YQ)'
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Now suppose that p | N~ is ramified in A, and assume that ¢ lies in the
support of the intersection of Pp, with Pp,. Then (A, i, Zy) € T, by Proposi-
tion 4.3(a). We may assume without loss of generality that i; is of type 1. Then
by Proposition 4.3(b) we see that End(Ay,%;) = End(Ay,ir, Z1) ® Z, is a local
Eichler order of type (1,p?). Suppose that for j = 1,2 there are embeddings of
Op, into End(Ay, i, Z;) with image Z[v;]. By (3.3) we may assume p { D1. It
follows then from Remark 2.5 that Op, ® Zy = Zy[v1] = Z,2. Let (A,%) be a
deformation of (Ay,%) such that v; € End(A,7). Since i; is of type 1, End(A)
contains a subring which is conjugate in End(A;) = My(O; ) to

a b
(6.3) {[pc d] :a,b,c,desz}.

Therefore we are in a situation much like the case where p is unramified in
A: There is a formal group Gy over F, of dimension 1 and height 2, a map
T : Zy2 — End(Go), and a deformation G of Gy such that A~ Gx@ and
7(Z,2) C End(G). Conversely, any deformation G of G such that 7(Z,2) C
End(G) gives a deformation (A, 3) of (A, ;) such that v € End(A, 7). It follows
that é\?t(yl) is isomorphic to the universal deformation space of the formal Z,-
module (Go, 7). It is proved in [Gr] that the universal deformation of (Go, 7) is
the canonical lifting G of G associated to 7, which is defined over W),. Therefore
we have X;(y1) = Spf W, and X ({1, 72}) = Spf(W,/(p"*1)) for some &k > 0.

To determine k we use an indirect argument. Let (/1, i) be the restriction of
(A,7) to Xy(71) = Spf W), and for n > 0 let (A,,7,) be the restriction of (4, 3) to
Spf(W,/(p"*1)). Then A, = G, x G, where G,, = G ® (W,/p"t'W,). By [Gr,
Prop. 3.3] we have

(6.4) End(G,) = 7(Z,2) + p"O1p.

Using (4.5) we get

br  a

(6.5) End(A,,i,) = {[ @ bm
p

ta € T(Zy2), be p"T(sz)} .

It follows that End(A,,,7,) is a local Eichler order of type (1,p?*+2).

Recall that k is the largest positive integer such that Z,[y1,72] is contained in
End(Ay, ). Since Zy[v1,72] and End(Ay, ;) are both local Eichler orders which
contain Zy[y1] = Z,2, this implies Zy[y1,72] = End(Ay, ). It follows that the
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reduced discriminant of Z,[v1,ys] is p?**2. Let & denote the reduced discriminant
of the global order Z[y;,72]. Then we have v,(d) = 2k + 2, and hence

1

(6.6) ap(y1,72) =k+1= 3 vp(9).

The following lemma will be used in determining the relationship between
X,(c(Op)) and the divisor Pp +b-

Lemma 6.5. Let Gy be a formal group of dimension 1 and height 2 over F, and
let U be a universal deformation space for Go. Let R, be an order in a quadratic
extension K of Qp, and let ¢ : R, — End(Gy) be a ring homomorphism. Then
U(P(R,)) is reduced.

Proof: We have R, = Z, + Zya for some a € R,, so by Lemma 6.4(a) we have
U(p(a)) = U(H(Ry)). The subscheme U(¢(a)) of U = Spf W([u]] is defined by
an equation of the form f(u) —u = 0, where f(u) € Wp[[u]] (cf. [LT, p.58]). Let
p* be the conductor of the order R,. Then the Weierstrass degree of f(u) —u is
computed in [Kel, Th.1.1] to be

6.7) pF+2pP . 4 2p+ 2 if K/Q, is unramified,

6.7

2pF 4 2pF 1 4 4 2p 2 if K/Q, is ramified.

The power series f(u) — u is divisible by an irreducible factor corresponding to
a quasi-canonical lifting of level [ for each 0 <[ < k. The Weierstrass degrees of
these factors are computed in [Gr, Prop. 5.3] to be

1 if K/Qy is unramified and [ =0,
(6.8) pt+p!~1 if K/Q, is unramified and [ > 1,
2p! if K/Qy is ramified.

Comparing Weierstrass degrees we find that f(u)— u is the product of the quasi-
canonical lifting factors for 0 < [ < k and a unit power series. Since the quasi-
canonical lifting factors are irreducible and have different degrees, the quotient
Wo[[u]]/(f(u) — ) is reduced, as claimed. O

Choose D and b = (b;);x as in §2, and let t € X'(F,) be such that (A, i, Z;) €
7,. We wish to consider the restriction Pp 4 of the divisor Pp 14 to the comple-
tion X; of X ® W, at t. Let M, denote the field of fractions of W, and replace
X with X ® M, and Pp 4, with Pp 4+, ® M,. Then Pp 4+, ® W, is the closure



30 Kevin Keating and David P. Roberts

of Pp 4y ® My in X ® W,,. For each z in the support of Pp 1, ® M), define & to
be the closure of x in X;. Then we have Pp 4, = 3. (&), where the sum is taken
over all points x in the support of Pp 4, ® M, such that ¢ € 7.

Let (A,i,Z) be a universal deformation of (A¢,it, Z;) defined over X, and
let {t};pn be the orientation on End(Ay, i, Z;) induced by {¢};n. Define a
b-embedding to be a ring homomorphism o : Op — End(A4y,i;, Z;) such that
Yroo(v/D) = b for all | | N. Say that o is a +b-embedding if o is either a
b-embedding or a (—b)-embedding. The relation between X;(0(Op)) and Pp 1
is given by the following lemma.

Lemma 6.6. (a) If o is a +b-embedding then X,(o(Op)) is contained in the
support of ﬁD,ib.

(b) Every irreducible component of the support of Pp vy lies in Xi(a(Op)) for
some tb-embedding o.

(c¢) Let 0,0 be +b-embeddings. Then the components in the support of /'\Af't(J(OD))
and X;(c'(Op)) are all different unless o(Op) = o’ (Op).

Proof: (a) Suppose p{ N~. In the proof of Proposition 6.2 (a) we showed that X,
is a universal deformation space for a formal group G of dimension 1 and height
2. The map ¢ induces an embedding of Op ® Z, into End(Gp), and X;(a(Op)) is
defined by the requirement that the image of this embedding should lift. It follows
from Lemma 6.5 that Xt(a((’)D)) is reduced. Since the support of 75D’ib contains
the closure of the characteristic 0 fiber of X, (c(Op)), it suffices to show that the
generic fibers of the irreducible components of X;(o(Op)) all have characteristic
0, i.e., X;(c(Op)) has no vertical components. But this follows from the fact that
the reduction (mod p) of a universal deformation of Gy has endomorphism ring
Zy (cf. [Kel, Th. 1.1]).

Suppose p | N~, and assume without loss of generality that i; has type 1.
It follows from assumption (3.2) and Remark 2.5 that Op ® Z,, is the ring of
integers in a quadratic extension of Q,. Let (A,i) be a deformation of (flt,it)
such that 0(Op) ® Z, C End(A, ). Since End(A,3) is contained in End(Ay,i;),
which is a local Eichler order of type (1,p*), we must have Op ® Z,, = Zy2. By

~Y

the Skolem-Noether theorem there exists an isomorphism A Gy x Gy which
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identifies i;(Oy y-) ® Z, with

(6.9) { [pz/ 3‘13/,] tx,Y € sz}

and 0(Op) ® Zy, with Z,2 - I>. It follows that A has multiplication by the ring

a b
(6.10) { [pc d] ta,b,c,d € sz}

generated by Z, - I and (6.9). Therefore A~ G x G, where G is a deforma-
tion of Gy. Furthermore, ¢ induces an embedding 7 : Op ® Z, — End(Gy)
whose image is contained in End(G). Conversely, any deformation G of Gy
such that 7(Op ® Z,) C End(G) gives a deformation (A7) of (A i) such
that ¢(Op) ® Z, C End(A,7). The maximal deformation G of Gy such that
7(Op ® Zp) C End(G) is the canonical lifting of Gy associated to 7. By [Gr,
Prop. 2.1] the canonical lifting is defined over an integral domain of characteristic

0. As above this implies that X;(c(Op)) is contained in the support of Pp, Lp.

(b) Let g be an irreducible component of 7§D,:i:b7 and let (A,,1,,Z,) be the
triple corresponding to y. Then there are two embeddings py,p, : Op —
End(Ay, iy, Zy), where Py is py composed with complex conjugation on Op. Let

(6.11) j : End(Ay, iy, Zy) — End(A¢, i, Z)

be the natural embedding and define 0 = j o p,. Then y is contained in
X(0(Op)), and hence §j is contained in X;(c(Op)). We need to show that
o:Op — End(Ay, i, Z;) is a +b-embedding.

Suppose [ | N with [ # p. Let T;(A4y), T;(A;) be the [-adic Tate modules
of Ay, A, and let U/ D Ti(Ay), Ul D T;(A;) be the lattices which correspond
to the [-primary subgroups of Z,, Z;. There is a natural (Oy+ y- ® Z;)-linear
isomorphism v : U/ — U} such that v(T;(A,)) = T;(A¢). For v € End(Ay, iy, Zy)
let 4 denote the endomorphism of Uly induced by v, and let ]T'y/) denote the
endomorphism of U/ induced by j(v). Then we have v o5 = j(ny) ov. It now
follows from the definitions of w} and ¢ given in §2 and §4 that ¢;(j(7)) = wi (7).

Hence

(6.12) Yoo =1 0jop,=wop,.
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Suppose p | N7. As in the proof of (a) we see that p is inert in K. Hence by
Proposition 2.1, T,(A,)/pT,(Ay) is a vector space of dimension 2 over R/pR =
F,2. Furthermore, the representation of End(A,) on T)(A,)/pT,(A,) is isomor-
phic to the representation of End(A,) on Lie(A;) induced by j. Therefore by the
constructions of ¢, and wy we get ¢, 0 j = wj (mod p). It follows that

(6.13) Ypoo=ypojop, =wlop, (modp).

Since y lies in the support of Pp 1y, it follows from (6.12) and (6.13) that o is a
+b-embedding.

(¢) Suppose X;(c(Op)) and X:(c'(Op)) have a component in common. Then by
(a) this component is contained in the support of 75D,ib- Let y be the generic
point of this component. Then y has characteristic 0, so by Proposition 2.1,
End(A,, iy, Z,) is an order in Q(v/D). Since o(Op) and o’/(Op) both lie in
End(Ay, iy, Zy), we must have o(Op) = ¢’'(Op). O

Remark 6.7. Suppose p is ramified in A and p divides the conductor ¢ of Op.
Then X;(0(Op)) contains the subscheme of X; defined by the ideal (p). Therefore
(a) and (c) of Lemma 6.6 are false if p | ¢. (However, (b) holds even if p | ¢.)

Proposition 6.8. We have

R 1 ‘
(6.14) Ppsb =7 - > Xi(o(Op)) ifb# b,
(6.15) Ppxs =Y X(c(Op)) if b= —b,

where the sums are taken over all £b-embeddings o : Op — End(Ay, iy, Zy).

Proof: This follows from Lemma 6.6. The factor % arises in the first formula
because ¢ has the same image as @, where & is ¢ composed with complex con-
jugation. The factor % is missing in the second formula because Pp 4+, = 2Pp
when b = —b. O

7. COMPLETION OF THE PROOFS

In this section we use the results proved in §4-86 to compute (Pp, 1, Ppy, 45y ) X
and (Pp, - Pp,)x. We first derive a preliminary formula for (Pp, 15, - Ppy by )X
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It follows from (4.1) that there are integers (Pp, +p, - Py +b,)p sSuch that

(7~1) (PDl,ﬁ:bl 'PDz,ﬂ:b2>X = Z (PDl,j:bl 'PDQ,:I:bQ)p . logp.

p<oo

The quantity (Pp, +b, - Pp,,+b,)p can be interpreted as an intersection multiplicity
on X ® W,,. Let Z,, denote the set of points t € X(F,) such that (A, ir, Zt) € 7.
Then the support of the intersection of Pp, +4, @ W), with Pp, 44, @ W), on X @W),

is contained in Z,,. Therefore we have

(7.2) (PDy by~ PDytby)p = Z (PDy by - Py )t-

teT,
Given embeddings o1, 02 of Op,, Op, into End(Ay, i, Z;), set €; = 0j(y/D;) and
v = (Dj +¢€;)/2 for j = 1,2. Then v; € End(Ay, i, Z¢) and 0;(Op,) = Zp[v;].
Hence by Lemma 6.4(c) and Proposition 6.8 we have

1 .
(7:3)  (Ppytbr - Popbn)e = - > op(y1,72) if by # —by and by # —by,
01,02
1 .
(74)  (Ppisoy - Popsnn)e = 5 > ap(y1,72) i by = —by or by = —by,
01,02

where the sums are taken over all pairs (o1, 02) such that o; is a £b;-embedding.
Note that since NV > 1, assumption (3.3) implies that we can’t have both by = —b;
and b2 = —bg.

Let t € Z,. Then by Proposition 4.3 End (A, i, Z;) is an Eichler order of type
(NT,pN™) in the quaternion algebra A(p) over Q. Therefore End(Ay, it, Z¢) has
reduced discriminant N*-pN~ = pN. Let n = % -Tr(e1e2) = 2Tr(y17y2) — D1 Do,
where Tr is the reduced trace from A(p) to Q. Since o; is a +bj-embedding
we have n = £h (mod 2N), where h is determined by (3.9) and (3.10). Since
n = D;Dy (mod 2), the ring S, from §1 is defined. In fact S, = Z[y1,72] is
isomorphic to a suborder of End(Ay, s, Z;), and hence B,, = A(p) and pN divides
the reduced discriminant 6, = (n? — D1D3)/4 of S,,. Since A(p) is ramified at oo
we have &, < 0, and hence n? < Dy Ds. It follows that p < [6,|/N < D1Dy/4N,
so by assumption (2.4) we have p t m.

The ternary quadratic form Nr(z + yvy; + 272) over Z is equal to the form
Qn(z,y, z) defined in (1.5). In §6 we saw that the intersection number oy, (y1,72)
depends only on the Z,-isometry class of ), and not on 71, y2. Therefore we may
write o, (Qn) = ap(71,72). Let ri(n, b1, £b2) denote the number of pairs (o1, 02)
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of +b;-embeddings such that 3 -Tr(ejez) = n, let 74(n, b1, b) denote the number of
such pairs which are (b, by)-embeddings, and let r4(n, £(b1, b2)) denote the num-
ber of such pairs which are either (b1, b2)-embeddings or (—by, —b2)-embeddings.
If by # —b1 and by # —by then by (7.2) and (7.3) we get

(7.5)  (Ppy,4by " Py tby)p = Z (i Z Oép(’hﬁz))

tel, 01,02

(7.6) :i- Z Zm(n,ibhibz) - ap(@n)-

n2<D1 Do tEIp
n=+h (2N)

Since 7¢(n, by, b2) = r¢(—n, —b1, b2) and a,(Qy) = ap(Q—y) this implies

(1) (Pos Possidp =5 3o 2 relm(b0,02) | - p(@n).

n2<D1 Do tel,
n=h (2N)

If by = —b;1 and by # —by then by (7.2) and (7.4) we get

1

(7.8)  (Ppy by - Poatbn)p = 5 - > > ri(n, by, by) | - ap(Q).

n2<D1 Do tEIp

n==+h (2N)
Since (—b1,b2) = (b1,b2), (b1,—b2) = —(b1,b2), and h = —h (mod 2N), this
equation is equivalent to (7.7). A similar calculation shows that (7.7) is also
valid if b = —by and by # —b1. Since we can’t have both b1 = —b; and by = —bo,
(7.7) is valid in all cases.

We wish to interpret the inner sum of (7.7) as counting embeddings of the ring
Sy, into Eichler orders. Let £ C A(p) be an Eichler order of type (N*,pN ™), and
let

(7.9) N(E) ={8eAp)*:pes™" =&}

Then N(E)/Q*E™ acts freely on the set of orientations on &; the orbits of this
action are the isomorphism classes of orientations on £. Let vg = |[N(E)/Q*EX|
and recall that r is the number of distinct primes dividing N. Thus if p { N~
then &€ has 2"+! orientations, and hence 2"! /g isomorphism classes of orienta-
tions, while if p | N~ then £ has 2" orientations, and hence 2" /vg isomorphism
classes of orientations. By Proposition 4.3, End(Ay, i, Z;) is an Eichler order
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of type (NT,pN ™) for each t € Z,,. Let Z¢ denote the set of ¢t € Z,, such that
End(Ay, i, Z;) = &, and let C, be a set of representatives for the isomorphism
classes of Eichler orders of type (N*,pN ™). Then

(7.10) > r(n £(br,bo)) = > > e, (b, b))

tel, EeCp tels

Given an orientation {u;};,n on the Eichler order £, say that the homomor-
phism 7 : S, — £ is a (b1, bz)-embedding if 107 (e;) = (b;); (mod (™) for j = 1,2
and all [ | N, where a; = v;(2N). Say that 7 is a +(b1, ba)-embedding if 7 is a
(b1, ba)-embedding or a (—by, —b2)-embedding. Let

(7.11) T = {(A,i,Z) € T, : End(A,i, Z) = £}

and let Zg be a subset of Zg such that each (A,i,7) € T¢ is isomorphic to
(Ay, iy, Zy) for exactly one t € Ze.

Let rg(n) denote the number of embeddings of S,, into £. Suppose p { N.
Then each homomorphism 7 : S,, — £ is a £(b1, b2)-embedding for four different
orientations on £. Hence the set
(7.12)

Yo ={(7: S0 — & {mulypn) : 7 is a £(b1, b2)-embedding w.r.t. {11}~ }

has cardinality 4rg(n). It follows from Proposition 5.1(a) that the isomorphism
classes of orientations on € correspond to elements ¢t € Zg. This allows us to
count the elements of T, in a different manner, and gives the formula

(7.13) drg(n) =ve - Y ri(n, (b1, bo)).

tele
Suppose p | N™. Then each homomorphism 7 : S,, — £ is a +(by, by)-embedding
for two orientations on &, and by Proposition 5.1(b) each isomorphism class of
orientations on & is represented by two different ¢ € Zg. Hence (7.13) is valid in
this case as well.

Let (A,i,Z) € Tg. Then the group Aut(A,:,7) = £ acts freely on the set
of level-m structures § on (A,7). By Remark 3.4 the pair (A,7) admits 2n(m)
different level-m structures. Hence there are 2n(m)/2ug isomorphism classes of
4-tuples (A, i, Z, 3), where ug = #(£*/ £ 1). It follows that

m
(7.14) 3" re(n, £ (b1, by)) = nim). 3 re(n, (b, b))

ug =
tele tele
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Combining this formula with (7.13) we get

(7.15) > ri(n, £(by, be)) = An(m)re(n)
teTe ueve

It follows from (7.10) and (7.15) that

(7.16) 3" re(n, (b1, b)) = dn(m) - > re(n).

Ug,
tez, gec, €Y¢

By combining this formula with (7.7) and (7.1) we get the following formula for
the arithmetic intersection number:

(7.17)

(PDy by - Py xby) x = 21(m) - Z Z Z re(n) -y (Qn) | - logp.

p<c©o | n2<DiDy SGCP
n=h (2N)
To prove Theorem 3.2 we will evaluate the inner sum of (7.17) in terms of rep-
resentation numbers of quadratic forms. To prove Theorem 3.6 we will evaluate
the inner sum of (7.17) by counting Eichler orders.

Proof of Theorem 3.2: Recall that r denotes the number of distinct prime divisors
of N. Choose n such that n? = D1 Dy (mod 4N). By assumption (3.3) there are
2" pairs (b1, be) such that n = h(by,b2) (mod 2N). If rg(n) # 0 then pN divides
the reduced discriminant 6, = (n? — D1D3)/4 of S,, so we have n? = DD,
(mod 4pN). Therefore by summing (7.17) over all pairs (b1, b2) we get

(7.18)

(Pp, - Ppy)a =271 -n(m)- Y > > re(n) - ap(Qn) | -logp.

ugv
p<oo n2<Dy Do EECP eve
n25D1 DQ (4pN)

Let &€ € C, and let n be an integer such that n? < D1Dy and n? = D1 D>
(mod 4pN). Recall that S,, = Z[g1, g2] and that L, = Z + Zg1 + Zga C Sy, is a
quadratic space with the reduced norm form Nr. Let (7,A) be a pair consisting
of a ring homomorphism 7 : S, — &€ and a unit A\ € £*. Associated to this
pair is an isometry A - 7|z of L, into £. We claim that every isometry from L,
into £ arises this way. Let v : L,, — £ be an isometry, and set A = v(1). Then
1 =Nr(1) = Nr(A), so A € £X. Let 7: S, — & be the unique Z-linear map such



Intersection Numbers of Heegner Divisors on Shimura Curves 37

that 7(1) =1, 7(g5) = /\_ll/(gj), and 7(g192) = 7(91)7(g2), and set €; = 7(e;) for

j =1,2. Since v is an isometry we get €5 = —Nr(e;) = —Nr(e;) = D; and
(7.19) (€1 + €2)? = —Nr(eg + €2)

(7.20) = —Nr(e; + e2)

(7.21) = (e1 + €2)?,

which implies €169 + €961 = 2n. It follows that
(7.22) TRQ:5%QQ —EQ
is an isomorphism of rings. Hence 7 is a ring homomorphism such that v = A-7|f, .

Since Z? with the quadratic form @, is isometric to L, it follows from the
preceding paragraph that Rg(Qn) = #E* - re(n) = 2ugrg(n). By Lemma 5.3,
every proper self-isometry of £ has the form x — ubxb~! for some u € £ and
b e N(E)/Q*. Furthermore, u and b are uniquely determined by the isometry.
Therefore the number of proper self-isometries of £ is

(7.23) we = [E7]-|N(€)/Q%|
(7.24) = %] IN(E)/Q & |- 1Q*E™ /Q™|
(7.25) = 2ug - vg - ug.

Hence r¢(n)/ugve = Re(Qn)/we, so by Proposition 5.2 we have

re(n Rr(Qn
(7.26) S =y R
gec, €°¢  Leg, L
Substituting this formula into (7.18) gives Theorem 3.2. O

Proof of Theorem 3.6: Let n be such that n? < D1Dy and n = h (mod 2N).
Since ged(D1, Dy) = 1, it follows from §1 that S,, is an Eichler order of type
(6,5,0,,), and it follows from Remark 3.7 that Nt | 6,7 and N~ | 6. Set M,} =
o8 /NT, My, =6, /N~, m} =uv,(M,), and m, = v,(M, ), and define L, (s) =
Lot e (s). Then we have

PP, p
(7.27) Lyt - H L
p<oo
(7.28) LM;,M Z HL(l (p) 0).

p<oo \l#p



38 Kevin Keating and David P. Roberts

Let p be a prime, and assume for now that S, ® Q = A(p). If p | N~ then
p |9, since N~ | §~, while if p t N~ then p | J, since p is ramified in A(p).
Thus p { 6%, and in particular p f NT. Let & be an Eichler order of type
(NT,pN~). We may compute 7g,(n) as the number of embeddings of & into
Sp ® Q whose image contains S,,. Hence rg,(n) is the sum over all £ such that
S, CEC S, ®Q of the number of isomorphisms of & with £. If & = £ then
there are [N (&))/Q*| = ug,vg, such isomorphisms. We conclude that the number
of Eichler orders £ such that S, C £ C S, ® Q and € = & is rg,(n) /ugyve,. It
follows that the inner sum } cce re(n)/ugve of (7.17) is equal to the number of
Eichler orders £ of type (N*,pN~) such that S,, C £ C S, ® Q.

For each prime [ set e = v (NT), ¢ = v(pN~), df = v(6]), and d; =
v;(6;,). The number of Eichler orders in S, ® Q of type (N, pN ™) which contain
the Eichler order S,, can be computed as the product over [ of the number ¢; of
local Eichler orders & of type (le;r,lef) in S, ® Q; such that & > S, ® Z;. If
Sn ® 7y has type (1%, 1) then ¢, = df — ¢ +1 = Ly(0). If S, @ Z; has type
(1,1%) then ¢, = 1 for d; = e; (mod 2) and ¢ = 0 for d; # ¢; (mod 2), so
once again we have ¢; = L;)(0). In particular, since S, ® Q = A(p) we see that
S, ® Z, has type (1,p% ) with d, =e, (mod 2). Hence c, = 1. It follows that
the total number of Eichler orders & of type (N1, pN~) in S, ® Q which contain
S, is
(7.29) > :f(n) =[] L.

gec, Y ik

Now suppose that S, ® Q is not isomorphic to A(p). In this case the sum on the
left side of (7.29) is 0, and there is at least one prime [ # p such that v;(M,;) is
odd. It follows that L;(0) = 0, so the right side of (7.29) is also 0. Hence (7.29)
is valid for all primes p.

Assume once again that S, ® Q = A(p). If p f N then the assumption
ged(Dy, D2) = 1 implies that, in the notation of (6.2), we have ao = 0 and
az = vp(6n) = vp(0, ). Therefore a,(Qn) = (vp(d, ) +1)/2. On the other hand,
if p | N~ then by (6.6) we have o,(Qn) = vp(d,,)/2. In both cases we get
ap(Qn) = (vp(M,;) +1)/2. Thus by (3.7) we get
vp(M,) +1

2
(7.31) = op(Qn) - log p.

(7.30) L'(p) (0) = -logp
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It follows from (7.28), (7.29), and (7.31) that

(7.32)

/M;,M;(O):Z ZM - ap(Qn) - log p.

ugv
p<co \gec, ¢

Combining this formula with (7.17) we get

(7.33) (Ppy by - Poava)ac = 20(m) - Y Lye - (0),
n2<D1Dsy
n=h (2N)
which is Theorem 3.6. Il
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