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Other solutions than the ones presented here are possible!

Questions

1. /xarcsinx dx
/4
2. / cos? 0 tan’ 0 db
0
3. /sin2 x cos® x dx

4. / sin 4x cos 3x dx

2

5. (Challenging) The functions y = ¢” and y = 22 do not have elementary antiderivatives, but y =

(222 + 1)e”* does. Evaluate /(2x2 +1)e”” dx.

6. (long) / = 3)(332x—|— 155 5) dz. This problem is a real test of our organizational abilities!

Solutions

Example 1 / xarcsinz dx

Use parts, since part of integrand is x which simplifies when differntiated:

U =2 dv = arcsin x dx

du = dz V= /arcsinx dx

Use parts to get v = I = [arcsinz dz. I will reuse u and v for this part. They have no relation to u and v above.

U = arcsin x dv = dx

d
du:—x V=21

V1—a?
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I:/arcsinxd:c = /udv

= uv—/vdu (parts)

) x
rarcsine — | ——
V1—a22

—_— 1 dt
= garcsinx + - [ —
2 \/¥

1
= garcsinzx + §/t1/2dt

= garcsinz + ¢/?

= garcsinz + V1 — 22

So, we have for the first invocation of parts v = x arcsinz + /1 — 22. To recap what we have,

U =21 dv = arcsin x dx
du = dx v =gxarcsinz + V1 — 22

/xarcsinxdx = /udv
= uv—/vdu

/xarcsinxdx = mQarcsinx—i-x\/l—IQ—/xarcsinxdm—/\/l—xde

The integral we seek appears on both sides of the equation. We can algebraically solve for it:

1
/:Earcsin:vd:v: §(x2arcsin:£+$\/1 —£B2—/\/1—£If2 dx)

dx Substitution: b~ 9w dp

Now all we need is the integral [+/1 — 22 dz. For this, we should try a trig substitution. Since the integrand

contains va? — x2, a = 1, we should use the trig substitution:

T =asinf =sinf

dxr = cosf db

Now, we find expressions for all the components of the integrand:

V1—22 = /1 —sin%6
= Vcos?0

= |cosf| = cosb
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And now we do the integral:

/\/1 —2?2dr = /cosﬁcos@d@
= / cos? 0 df (use 1/2-angle trig identity)

(14 cos26) do

[\ZJI»—l

s =20

df + - /cos 20 df Substitution: ds — 2d0

4/cossd3

sins + C

+

+

sin 20 4 C

_|_
MIH»&IHA;I)—\

sinf cos@ + C

[\DIQ:[\DICD[\DIQ)[\DI»— [\Dlt—l\

We now need to back substitute for 6, to get the final answer in terms of the original variable x. First, construct
the diagram that will help us back substitute the 6:

sinf = —

sinf =x, 6 =arcsinx, ,cosf =+1—xa2

1
/\/1—x2dx = g+§sin00050+c

i 1
_ arcs;nx . c T2+

And, finally, we arrive at the result for the original integral:

1
/xarcsinmda: = 5(37 arcsinz + 2v1 — 22 — /\/1—x2
1

= 3 <x2 arcsinz + v 1 — 22 — arcszlnx — —x\/ 1— x2> +C

2 . . 1
_ i ar;smx _ arCiH$+me+C
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/4
Example 2 / cos® A tan® 6 df
0

w/4
/ cos? 0 tan® 0 do
0

w3 00| ool

Example 3 / sin? z cos® x dx

/ sin?zcos®zdr =

w/4 1
/ —(1 — cos 20) df
0o 2

u =20
w/4 1 w/4 _
/ do — —/ cos 20 df  Substitution: du = 2d0
0 2 Jo 0=0—u=0
=7/4d —u=m/2
1 w/2
/4 _ —/ cosu du
4 Jo
1
— Zsinu\g/2
1
— Z(sinﬂ/Q —sin0)
1
4

/ sin? z cos  cos® & dx

/sin2 rcosx(l — sin®z) dx

/(Sin2 x —sin® x) cosx dr  Substitution:

3

2

/ (u? — u*)du

5

u U
—— —+C
3 5 *
sinz  sin’x
— C
3 5 +

Example 4 / sin 4z cos 3z dx

Use the trig identity

sin Acos B = %[sin(A — B) +sin(A + B)]

u=sinx
du = cosz dx
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1 1
sin4x cos 3z = §[sin(4x — 3z) + sin(4x + 3z)] = §[sina: + sin 7x]

1
/ sindx cos 3z dr = / 5 [sinz + sin 7x] dx

1 1 . oL u="7x
= -3 Cosx+§/81n(7x) dx Substitution: du— 7 d
= L + L inud
= 2cosx 7 sinu du

1 1
= —icosx—ﬁcosu—FC

1
= —écosx—ﬁcosh“%—C

Example 5 (Challenging) The functions y = e” and y = 22¢*" do not have elementary antiderivatives, but

y = (222 + 1)e** does. Evaluate /(2:52 +1)e”” dx.

The basic difficulty is evaluating / e*” dz. So let’s isolate that, and see what happens to the rest of the integrand:

/(2x2 +1)e” de = 2/93267”2 dx + /e"ﬂ”’2 dx

Use parts on the first integral: Choose u = 22, since it will simplify when we differentiate it. Therefore, du = 2z dz.
What is left in the integrand is dv = e dx. Well, we cannot integrate this to determine v. This approach was
not beneficial!

Before we abandon parts, we should think of other ways to break the integrand up. We could try v = x, which
leads to du = dz, and dv = ze® dz. This means we need to determine v = / ze” dx. Hey-we can do this integral

using u-substitution! Since we are able to travel a bit further down this path, maybe we are on to something (we
hope!).

2 1
v—/xem de = §/ewdw

Substitution: w = 22, dw = 2z dx
1

= —6w

2
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Returning to the original invocation of parts, we have

/(2x2 +1)e” do = / “ dx + / ? dx

= 2 U dv> = da

2
= ze¥ +c

We were able to do this integral by cancelling out the component that we could not do! That is awesome.

We added the constant of integration at the end since we know that an indefinite integral should be determined up
to a constant of integration, and for convenience we left the constant out when we did parts. If we had included
a constant there, we wouldn’t need to add one at the end. Remember, if you are ever concerned about constants,
put them in when a definite integral occurs because it is never wrong to include them. You can only get in trouble
with constants by leaving them out.

Example 6 (long) / ( v
:L‘ p—

3)(2? + 4x + 5)

If you tried u-substitution, you would choose v = x? + 4x + 5, so du = (2x + 4) dz. This does not help you with
this integral.

dzx. This problem is a real test of our organizational abilities!

Since we have a rational integrand, we should try partial fractions and see what happens.

x A Bx+C ,
(x —3)(x% + 4z +5) - x—3+x2+4x+5 (split)
= 3)<$2x+ ypy = $il 3 + ﬁBf;i 5] (z —3)(2® + 4z +5) (clear fractions)
v = A(@®+4x+5)+ (Bx +O)(z —3) (simplify)
0 = —x+ Az®+4Ax +5A + Bx?> + Cx — 3Bz — 3C (collect powers of )
0 (5A —30)2" + (-1 +4A+C — 3B)z' + (A + B)z® (collect powers of z)

For this to be true for all values of x, we must have the coefficients of the powers of x equal to zero. Then it
won’t matter what we put in for x, the equation will be satisfied. So we must solve the three equations in the
three unknowns A, B, C":

54—-3C = 0 (1)
“144A+C—-3B = 0 (2)
A+B = 0 (3)

From (1) A = —B, and from (2) C = 5A/3 = —5B/3; therefore, (3) becomes —1 + 4(—B) — 5B/3 — 3B = 0,
which means B = —3/26. Therefore, A = 3/26 and C' = 5/26.



Examples from the Lecture on Section 7.5: Strategy for Integration Page 7

We have shown that

T _1{3 —3x—|—5}

(x—3)(a2+ 4z +5) 26 x—3+x2—l—4x—|—5

Our integral becomes:

x 1 3 —3z+5
_ 1 ST +5 4
/(x—3)(a:2+4x+5) v = 2 {/x—3d$+/x2+4x+5dx} )

/de—?)d—u
r—3 U

Substitution: v =z — 3, du = dx
= 3n|ul+¢
= 3ln|z—-3|+¢ (5)

The second integral is more complicated, however, these more complicated integrals that arise in partial fractions
typically follow the same path to solution. We need to complete the square in the denominator, and then we will
get a logarithm and arctangent when we integrate.

Complete the square:

P +dr = PP H4r+4—4= (P +dr+4)—4=(r+2)* -4
2’ fdr+5 = (2+2)°%+1

Substitute back into the integral:
3T+ 3 —3r+5
——dr = ————dx
2 +4x+5 (x+2)2+1
x 1
= 3| ——5—dex+5 | ———d 6
/(a;+2)2+1 v /(a:+2)2+1 ‘ (©)

et
@+22+1"

B 1/ o] 4 1/ [
T o) wr2r 12 wr2r 1Y T2 w221 ™

B 1/ 2044 / 2 p
B T+2)2+1 @+22+1 "
)5
= dz
x+2 +1

= “hnj- [ —2 4
2“" /(x+2)+1x+62

1 , 2

Substitution: u = (z +2)* + 1,du = (2z + 4) dz
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Whew, there is lots going on here! But we are making progress. Substitute (7) back into (6):
=3+ 95 1 2
————dr = —-3(=1 2+ 1| - | ————4d 5| ————d
/x2+4m+5 v (2 n|(@+2)° +1] /(x+2)2+1 x+02) * /(x+2)2+1 v
3 1
- -2 024146 [ ——d 50— d
p @ +2)+ 1]+ /(:c+2)2+1 vret /(:c+2)2+1
3
= —=1 2241 +11 [ ——————d
2n|(az+ )+ 1]+ /(x+2)2+1 T+
Substitution: v =z + 2,du = dx
3 2
= —§ln|(az—|—2) —|—1| +11/u2+1 du + ¢
and this remaining integral is a basic form, / g du = — arctan(u/a) + c3, so with a = 1 we have
u?+a a
—3x +5 3
/mdx:—§ln|(a;+2)2—|—1‘+11arctan(a:‘+2)+02+03 (8)
Finally, substituting (8) and (5) into (4) we get:
x 3 3 11
de=—In|z—3] - =1 2)? + 1| + — arct 2
/(x—3)(m2+4x+5) T= o n|z — 3| 5 n|(z+2)>+1|+ 5g AIC an(z +2) + ¢

where we have created the new constant ¢ = ¢; + ¢3 + ¢3.



