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In Partial Fractions we assume a particular form that the split function of f(z) = P(z)/Q(x) will take. When
we assume a form for the solution, that assumption is justified only if it works! This is a very common technique
in applied mathematics.

Case IV Q(z) contains irreducible quadratic factors, some of which are repeated. I will not be testing you on
these types.
Case I Q(z) is a product of distinct linear factors.

1
(t+4)(t—-1)
Here Q(z) = (t+4)(t — 1), a product of distinct linear factors. The degree of Q(z) is 2, which is greater than the
degree of P(z), which is 0. We can use partial fractions directly, without dividing first.

Example

1 1
_— = Fact Iready d
TR CEwTE actor (already done)
A + b Split
= 1
(t+4) (-1 P
1 = A(t—-1)+B(t+4) Clearing Fractions
1 = A(-4—-1)+ B(-4+4) To determine A: evaluate at t = —4
1 = A(-5)+ B(0)
4= !
5
1 = A(+1—-1)+4 B(+1+4) To determine B: evaluate at t = +1
1 = A(0)+ B(5)
B = !
)
1 1/5 1/5
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Case II Q(z) is a product of linear factors, some of which are repeated.
2

EESIE
Here Q(z) = (z + 1)3, a product of a linear factor which is repeated three times. The degree of Q(z) is 3, which
is greater than the degree of P(z), which is 2. We can use partial fractions directly, without dividing first.

Example

z? A B C _
GriF @D @R @enp PN
> = Alx+12*+Blz+1)+C Clearing Fractions
(-1 = A(-1+12?+B(-1+1)+C To determine C': evaluate at x = —1
1 = A(0)+B(0)+C
C =1

-1-1 = A(-1+1)+B To determine B: evaluate at x = —1
9 = A(0)+B
B -2

0—-1 = A0+1)—2 To determine A: evaluate at x =0

A +1
| (—2) 1
@+ @+ @rlE @rl)p

NOTE: The trick to get the coefficients easily by evaluating at specific x does not always work in this case. You
can always collect powers of z and solve the resulting equations instead.
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Case III Q(x) contains irreducible quadratic factors, none of which are repeated.
2

T
(2 +1)
Here Q(z) = (28 + 1) = (z + 1)(1 — 2 + %), a product of a linear factor and a quadratic factor which is not
repeated. The degree of Q(x) is 3, which is greater than the degree of P(z), which is 2. We can use partial

fractions directly, without dividing first. In this example, I will collect powers of x to get the equations to solve,
which is just showing you another way of doing partial fractions.

Example

v’ = v’ Factor
@HD)  @rD-z+)
A Bx+C .
= (x—|—1)+(1—x+:c2) Split
2 = Al—z+2°)+ Bz +0O)(z+1) Clearing Fractions
0 = —a?4+A—Ax+ A+ B>+ Cz+ Bz + C Collect Powers of x

0 = (A+C)2°+(-A+C+ B)a' + (-1 + A+ B)2*

So we have to solve the system of equations for A, B, C":

A+C=0 (1)
~A+C+B=0 (2)
-1+A+B=0 (3)

From Eq. (3), we have A = 1 — B. Then from Eq. (2) we have C' = —2B+1, and Eq. (1) gives —2B+1 = —1+ B,
so B=2/3,and C' = —1/3, and A =1/3.

© 13 (2u/3-1/3)

(@ +1)  (z+1)  (I-z+2?)
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T+ 2
———dx
(14 z+ a?)
Solution It can be done if we complete the square:

2 2
22+ br = (x+g) _bZ

Completing the Square /

So we can write 1 + z+2? =2’ +x+1=(z+3)? -1+ 1= (z+1/2)? +3/4.
2 2
/de = / $+2 dx Substitution: u =z + 1/2
(1+z+2?) (z+3)" +3)

—1/2+2
:/—u /+du

(u”+3)

U 3 1

= —du—l——/—du Substitution: t = u? 4+ 3/4
/(u2+§) 2/ (w?+3) /
1 dt+3 2 ) (2 )

= — [ —+--—arctan | —u
2) t 2 3 V3

1 2
= ZlInl|t| + V3arctan (—u) +c
ol V3

1 2 1
= éln\l+x+x2]+\/§arctan <% (x+§)) +c

We can combine the partial fraction cases, which just makes for more equations to solve.

x?—2r—1
E 1 d
xample / (x— 1)2(372—1—1) T

2 — 22 —1 A B Cx+ D
G- 1P@+) -1 @=1P  #11
2 =22 —1=A(x—-1)(2*+1)+ B(@*+ 1)+ (Cz + D)(x — 1)*
Evaluate at t =1: —2=2B — B = -1
Evaluate at 1t =0: —1=—-A+B+D —A=D
Evaluate at 1 = —1: 2= —-4A+2B—-4C+4D —1=-A—-C+ D

Evaluate at t =2: —1=5A+5B+2C+D —4=5A+2C-+D

You can solve the system of three equations and three unknowns by any method you like (back substitution works
fine).

You will find A=1,C=-1,D =1.
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Therefore,

22 —2x—1 1 1 +1—x
(x—1)2(22+1) x-1 (r—1)2 22+1

2 —2r—1 1 1 1l—=x
dz = de — | ——d |
/<x—1>2<x2+1> ! /m—l ! /@—1)2 “/mm g

The first and second integrals can be done using a substitution, the third should be split up to involve a substitution
and an arctangent form.

/ L d:E:/Ci—u where u =2 — 1, du = dx

r—1
=Inlul+¢
=z -1+
1 d
/de: —Z where u =2z — 1, du = dx
xr — u

1
u

L +
= — c
r—1 2

1— 1
/ xdx—/ dx—/ v dx
241 22 +1 22 +1

1 [d
:arctan:c—i/—udx where u = 2° + 1, du = 2xdx
u
1

= arctan x — 5111 |u| + ¢3
1
:arctanx—§ln\x2—|—1]+c3
Putting it all together we get
r? —2r—1 1 1 1—2
dx = de — | ——=d —d
/<x—1>2<x2+1> ! /x—l ’ /<x—1>2 “/xm !

1 1,
=Injzr — 1|+ —— +arctanz — —In|z° + 1|+ ¢
r—1 2

where ¢ = ¢; — ¢ + ¢3.



