Basic Algebra: Unit 18 Quadratics

Completing the Square

You will see this process again in precalculus and calculus, and it is definitely necessary to solve certain kinds of problems.

I want you to see it now and be able to work with it for simple cases. Here it is in general:

b

b
ar’ +br+c = a (x2 + x) +c Factor so the coefficient of 22 is 1. Coefficient of x is o
a

= a x2—|—éx+ i 2— ﬁ i +c
N a 2a 2a
b

- 2 2
= +—| —a i +c simplif;
a_a: 2| 3 y
2 b2
= a_z+%_ fEJrc
[ N 1% b2 — dac
= alz+—| —
L 2 4a

Here it is in words:

e Factor so that there is just a 1 in front of the 2 term.

e Identify the coefficient of the x term.

e Take half of this coefficient and square, then add and subtract so you don’t change the equation.

Fold up the perfect square you have created.

Simplify.

This is how you derive the quadratic formula, since from here we set this equal to zero and solve for x:

ar’ +br+c = 0
[ b r b2 — 4ac
alz+—| —— = 0
2a
b _ b? — dac
{ Za} B 4a
b B b? — 4ac
{ 2} B 4a?
_ E£Vb*—dac
? N 2a
I —b+ Vb? — dac
2a

the blue terms add to zero; we haven’t changed the equality

the red terms can be collected together as a perfect square

Right now, it looks like this doesn’t do anything that the quadratic formula couldn’t do, but trust me there are times

when you will have to use this instead of the quadratic formula.
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Basic Algebra: Unit 13 Quadratics

Example Use completing the square to solve 2z + 4z + 1 = 0.

222 4 62 + 1 = 0 We MUST have a coefficient of 1 in front of the 22 before we complete the square.

1
2 +32+-=0

2
1 3\°
z? — 3z + 5= 0 To complete the square: (2> .
2 3\* /3\* 1 . L
z° 4+ 3r+ 3 (3 + 3= 0 underlined piece is a perfect square
a3y 291
2) 4 2
3 LT
2) 4
T+ - = z
2 4
VT

Quadratic Formula

Memorize: The two solutions to the equation axz? 4 bx + ¢ = 0 are given by the quadratic formula:

—b+ Vb?2 —4dac
r= —
2a

You can use the quadratic formula to solve quadratic equations that previously you solved by factoring.

Example Solve i+§ = 74 .
15 vy wy+1
L +3 1 (multiply by the LCD which is 15y(y + 1))
— 4+ — = —— (multi which i
sty T T ply by y(y
1 3 4
— - Wyly+1)+ = - 15y(y +1) = —— - 15y simplify
B M)+ Uy 1) = L 1l Gimplify)

yly+1)+45(y+ 1) = 60y
y? 4+ y + 45y + 45 = 60y
y* — 14y + 45 = 0 (use quadratic formula-I always write it out)

y— —b+ Vb% —4dac
a 2a
14+ ,/(—14)2 — 4(1)(45)
v 2(1)
_ 14+ V16 _ 14+4

5 5 =7+2=9o0ry=>5

Since neither y = 9 nor y = 5 makes the LCD zero, these are both solutions.
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Basic Algebra: Unit 18 Quadratics

Pythagorean Theorem

The hypotenuse in a right triangle is the side opposite the 90 degree angle in the triangle.

Pythagorean theorem: a? = b? 4 ¢2, where a is the length of the hypotenuse in a right triangle and b and c are the lengths
of the other two sides.

N
e

b N2 (hjfc%enuse)
Thi )jrﬂl—x_.l 7

Meavs “the

onﬂle (S f;'(_‘,; > D—_ 2N
C

Example A right triangle has one side of length 4cm and hypotenuse of length 5cm. What is the length of the other side?
a? = b +
(57 = (47 + ¢
9 = ¢ = ¢ = 3 choose positive root

The other side has length 3cm.

Sketching Quadratics

For a quadratic function y = f(x) = ax? + bx + ¢, we can create a sketch by determining four things:

—b+Vb% — dac

1. z-intercepts: determine these by using the quadratic formula Tintercept = 5
a

NOTE: If b* — 4ac < 0 then there are no z-intercepts (they are not real numbers).

b b
2. Vertex: (xVertex7yVertex) = (_2(I’f <_2a>>

_ b
2a

b
YVertex = f <_2a>

How to remember this: The z-coordinate of the vertex will be right in the middle of the two z-intercepts, even if
the x-intercepts are not real numbers!

. 1 <—b—|—\/62—4ac+—b—\/b2—4ac>
Vertx — &

TVertex —

39 2 2

1 [ =b+Vb? —4ac—b—Vb? —4dac
T2 2a

1 /-2

(%)

b

" 2

3. y-intercept: evaluate at x = 0, so figure out what f(0) is.
4. The function opens up if a > 0, and opens down if a < 0.
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Example Sketch the parabola y = 522 4+ 4x — 12. Label the vertex, y-intercept, and any z-intercepts on your sketch.
To get the sketch of a quadratic, we should do four things:

1. Determine if it opens up or down,

2. Determine the vertex,

3. Determine any a-intercepts (if they exist),
4. Determine the y-intercept.

A quadratic opens up if a > 0, and opens down if @ < 0. Since a = 5 in this case, this quadratic opens up.

To get the vertex, identity @ = 5,b = 4, and ¢ = —12. Then the vertex is located at:
—b —4 2

T2 2(5) 5

1 (@)1 (3) -+ (D) () e 4

2 4
The vertex is at (— —6).

5 5
To get the z-intercepts, use the quadratic formula:
. —b+ Vb2 —dac
N 2a
4+ /42 —4(5)(—12)
- 2(5)
_ —4+ 256
B 10
_ —4+16
10
—4416 —4—-16
= or
10 10
12 —20
= — r —
10”10
=_or —2
: or

To get the y-intercept, evaluate f(0):
y = f(0) =5(0)% +4(0) — 12 = —12
You can now put this all together to get the sketch:

N
l‘j :‘;(ZJ-"I‘LJZ
A
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Example What is the domain of the function f(z) = V22 — 3z + 1? Sketch your answer on a number line.
Domain: what real numbers can I put into this expression and get a real number out?
22-3x+41>0

We only know how to algebraically solve linear inequalities, but we can sketch y = 2 — 3z + 1 and get the answer from
our sketch by figuring out where 22 — 3z + 1 is positive.

Since a = 1 > 0, this quadratic opens up.
To get the vertex, identity a = 1,0 = —3, and ¢ = 1. Then the vertex is located at:
b —(=3) 3

YT 9% T 2(1) T 2
3\° 3 9 9 9 18 4 -5
y@)3(ﬁ*142+144+44

The vertex is at §, - .
2’ 4

To get the z-intercepts, use the quadratic formula:

Lo b V02 —dac 3+ /(=3)2—4(1)(1) 3++5
B 2a N 2(1) 2

_3+V5 3-46
) 2

We don’t need the y-intercept to answer the question. You can now put this all together to get the sketch:

r
=X —3¥+|
N A9 7 Shere H
;5 Pcng,--}.r-t."e = I
(Eﬂf?,o) s 4he olowmai *

2

] 3-J8 3+dF
= 2 X O»( fé‘c)t N X234 -
(5“’5,4;) pd >
2

=z

: 5) <22 o x2 343

Transforming into a Quadratic

This is about using the mathematical concept of change of variables (sometimes called substitution) which is a powerful
concept and will be useful in the future. All solutions should begin by clearly identifying the change of variables that
converts the equation into a quadratic equation.

Example Solve (22 + 2x)? — (22 4+ 22) — 12 = 0.
Identify the substitution y = 22 + 2z. The equation then becomes
P —y—12=0
(y+3)(y—4) =0 factor

y+3=0o0ry—4=0 zero factor property
y=—3ory=4 zero factor property
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For each of these we get a quadratic in = to solve:

y=2a’+2r=-3
22 +26+3=0
—b+ Vb? —dac )
r=——/JOo0—/#/—¥— quadratic formula

2a
= ERV/CILEr O]6)

2(1)

o —24+/=8
- 2

—2 448

r=—
2

—92 4422

r= ——
2

r=—14+iV2

y:x2+2x:4
22 +2r—4=0
_ —bE Vb2 —dac
r= 2a
C —2E/(2)7 —4(1)(—4)
a 2(1)
 —2£420
T
2425
T
r=-1+V5

There are four solutions to the original equation.

quadratic formula

T

Two are complex valued (z = —1 4 41/2), two are real valued (z = —1 4 /5).

Solving power equations

This technique sometimes works, so it is useful to know.

Algebraically isolate the power portion on one side of equal sign.

Use an appropriate radical on each side of the equation to remove the power. Include +,/ in square roots.

Solve the equation.

Check all solutions, and exclude any that do not satisfy the original equation. These excluded solutions are called
extraneous solutions.

=N

An alternate (and sometimes much easier) technique is to expand the power terms, and then collect like terms and try
to factor the new expression to find the solutions. If the powers are squares, you can always do this with the aid of the
quadratic formula.
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Example Solve (2z +7)? — 2 = 14.
3
(235—1—7)2—1:14
3
(2x+7)2:14+Z
59
204+ 7)==
(20 +7) = 2
V@R 47?2 == 549
2x+7:i@
2z:77:|:@
7
x:—fi@
2 4

You have to check if these are solutions by substituting back:

(2$+7)2—%= (2 (—;+€E>+7> —%

2
V59 3
_<—7+4+7 -

2
()3
N 2 4
4 4 4
So both are solutions. x = —g + @
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